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Abstract: The goal of this paper is to propose the combinatorial method to facilitate 
the calculation of the number of spanning trees for complex networks. In particular, we 
derive the explicit formulas for the triangular snake, double triangular snake, four triangular 
snake, the total graph of path, the generalized friendship graphs and the subdivision of 
double triangular snake. Finally, we calculate their spanning trees entropy and we compare 


it between them. 
Key Words: Entropy, cyclic snakes, total graph, number of spanning trees. 
AMS(2010): 05C05, 05C30. 


§1. Introduction 


In real life, most of the systems are represented by graphs, such that the nodes denote the 
basic constituents of the system and edges describe their interaction. The Internet, electric, 
bioinformatics, telephone calls, social networks and many other systems are now represented 
by complex graphs [1]. 

There are many different types of networks and their classification depends on the proper- 
ties such as nodes degrees, clustering coefficients, shortest paths. Another concern in studying 
complex network is how to evaluate the robustness of a network and its ability to adapt to 
changes [21]. The robustness of a network is correlated to its ability to deal with internal 
feedbacks within the network and to avoid malfunctioning when a fraction of its constituents is 
damaged. We use the entropy of spanning trees or what is called the asymptotic complexity [4] 
in order to quantify the robustness and to characterize the structure. The number of spanning 
trees in G, also called, the complexity of the graph is a well-studied quantity (for long time) 
and appear in a number of applications. Most notable application fields are network reliability 
[15, 16, 17], enumerating certain chemical isomers [18] and counting the number of Eulerian 


circuits in a graph [19]. 
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A graph G has different subgraphs. In fact a graph having |V(G)| nodes has 


o( V(G)IUIV(G) — 1), 
2 

possible distinct subgraphs. Some of these subgraphs are trees and the others are not trees. 
We are focused certain kinds of trees called spanning trees. The history of determining the 
number of spanning trees T(G) of a graph G, dates back to the year 1842 in which the German 
Mathematician Gustav Kirchhoff [2] introduced a relation between the number of spanning trees 
of a graph G, and the determinant of a specific submatrix associated with G. This method is 
infeasible for large graphs. For this reason scientists have developed techniques to get around 
the difficulties and have paid more attention to deriving explicit and simple formulas for special 
classes, see [3 - 13]. 

The basic combinatorial idea, Feussners recursive formula [20], for counting 7(G) in a graph 
G is quite intuitive. For an undirected simple graph G, let e be any edge of G. All spanning 
trees in G can be separated into two parts: one part contains all spanning trees without e as a 
tree edge; the other part contains all spanning trees with e as a tree edge. The first part has 
the same number of spanning trees as graph G — e , but leaving all other edges and vertices 
as they are. The second part has the same number of spanning trees as graph G © e, where 
G © eis the graph (not a subgraph) obtained from G by contracting the edge e = {u,v} until 
the two vertices u and v coincide. Call this new vertex uv. Both G — e and G© e have fewer 
edges, than G. So the number of spanning trees in G can be counted recursively in this way. 
In this paper, we propose the combinatorial method to facilitate the calculation of the number 
of spanning trees for complex networks. In particular, we derive the explicit formulas for 
the triangular snake (A, — snake), double triangular snake (2A, — snake), four triangular 
snake (4A; — snake), the total graph of path P,(T(P,)), the graph nC, © 2P,, , the generalized 
friendship graphs * F,, and the subdivision of double triangular snake ($(2A,,— snake)). Finally, 


we calculate their spanning trees entropy and we compare it between them. 


§2. Preliminary Notes 


The combinatorial method involves the operation of contraction of an edge. An edge e of a 
graph G is said to be contracted if it is deleted and its ends are identified. The resulting graph 
is denoted by Gee. Also we denote by G— e the graph obtained from G by deleting the edge 
e. 


Theorem 2.1([13-20]) Let G be a planar graph (multiple edges are allowed in here). Then for 
any edge T(G) = T(G —e) + 7(Gee). 


Definition 2.2({22]) A triangular snake(A — snake) is a connected graph in which all blocks 


are triangles and the block-cut-point graph is a path, as shown in Figure 1. 


Definition 2.3 For an integer number m, an m-triangular snake is a graph formed by m 


triangular snakes having a common path. If m = 2 that graph is called the double triangular 
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snake is denoted by 2A — snake, as shown in Figure 1. 


Definition 2.4 The friendship graph Fy, is a collection of k-cycles (all of order n), meeting 


at a common vertex, as shown in Figure 1. 


Definition 2.5 The graph nCm © 2P, is a connected graph obtained from n copies of Cm 
(nC is a disconnected graph) and two paths where each path connects with one vertex uj 
(i = 1,2,---,2n) of each copy of Cy, . All the vertices u; (i = 1,2,---,2n) are distinct as 
shown in Figure 1. 


OOo KY OE 


(a) A;-snake b) 2A3-sanke (c) T(P3) 


Ma OOD 


(d) F3,4 (e) 3C4 © 2P3 (f) S(2A3 — snake) 


Figure 1 Triangular snake, double triangular snake, four triangular snake, 
total graph of path, generalized friendship and subdivision of double triangular snake 
Definition 2.6 The total graph of a graph G is the graph whose vertex set is V(G)UE(G) and 


two vertices are adjacent whenever they are either adjacent or incident in G. The total graph 
of G denoted by T(G). 


§3. Main Results 
Theorem 3.1 The number of spanning trees of triangular snake graph is 


T(A,) = 3”. 


Proof Consider a triangular snake graph ‘A constructed from A,, by deleting one edge. 
See Figure 2. 
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We put 


It is clear that 


, 


An = 2(An—1) +3(A,_1) and Aj, = 2(An_1) — 3(A,_1) 


with initial conditions A, = 3, A), = 1 thus we have 


An An 
, = A , ? 
A AA 
where, 
2 3 An An- A 
A = 3 ; = A ‘ =, SS Ant : 5 
Os AS AL Ai 


we compute A”~1as follows: 
det(A — AIg) = X27 —A-—12=0, Ay = —4 and Ay = 3, AL F Ao. 
Then there is a matrix M is invertible such that A = MBM~—!, where 


Ar 0 
B= 
0 2 


and M is an invertible transformation matrix formed by eigenvectors 


1 oil 
M= 


=3 
TY); Att =MBt IM, 
2 3 


we 
NUD Ale 


where 
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From which, we obtain 


Aris ia @ € * 
7 7 % q 





and hence the result follows. 














Theorem 3.2 The number of spanning trees of the double triangular snake is 


T(2A, — snake) = 8”. 


Proof Consider a double triangular snake graph 2A’ -snake constructed from 2A,,-snake 
by deleting two edges. See Figure 3. 


2A,,-snake 2A/ -snake 


Figure 3 Triangular snake graph (A,,) 
We put 
2A, — snake = 7(2A, — snake) and 2A; — snake = (2A; — snake). 
It is clear that 


2An— snake = 7(2An-1— snake) + 8(2A, — snake) 
OAK, — snake 2(2A,-1 — snake) — BOA. <8 — snake) 


I 


with initial conditions 2A, — snake = 8, 2A, — snake = 1. Thus we have 


2A, — snake 2An—1 — snake 7 8 
, =A ; , where A= 
2A,, — snake 2A, — snake 2 -8 
2A, — snake 5 2An—1 — snake = _ qn-l 2A, — snake 
oh. — snake oA. — snake DM, — snake 


We compute A”! as follows: 


det(A — Alp) = 7 -— A-—72=0, Ay = —9 and Az = 8, Ay # Ao. 
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Then there is a matrix M is invertible such that A= MBM~—!, where 


Ai 0 
0 Ag 


and M is an invertible transformation matrix formed by eigenvectors 





rol 1 ca 7 1 1 1 
M= ; Ms AR ee BP EM 
9 ob 8. 18 
8 7 7 
where 
geet _ (Ss) 0 
0 (—9)"-1 
From which, we obtain 
n-1 n-1 n —8%(—9)"-2 
po (See Fy ee 
OMG, CHO Se Ee! 
+ 7 Gor 7 











if 


and hence the result follows. 


Theorem 3.3 The number of spanning trees in 4A, — snake is T(2A, — snake)=48", where 


n is the number of blocks. 
Proof Consider a double triangular snake graph 2A) —snake constructed from 2A, — snake 


by deleting four edges. See Figure 4. 


4A,,-snake 4A’ -snake 
Figure 4 Friendship graph Fy, 


We put 
4A, — snake = 7(4A,, — snake) and 4A — snake = r(4A,, — snake). 


It is clear that 
4A, — snake = 47(4An_1 — snake) + 48(4A) — snake) 
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and 
4A’ — snake = 2(4A,,_1 — snake) — 48(4A\ _, — snake) 


with initial conditions 4A, — snake = 48, 4A, — snake = 1. Thus, we have 


4A, — snake 4 4A,-1 — snake 


9 


4A’ — snake 4A\_, — snake 
where 
a 47 48 . a — snake Lah ee — snake Seat aed — — snake 
2 —48 4A, — snake 4A,,_1 — snake 4A, — snake 


We compute A”~! as follows: 
det(A — \Jz) = A? + 4 — 2352 = 0, Ay = 48 and Az = —49, Ay A Az. 
Then there is a matrix M is invertible such that A~MBM~—!, where 


Ar 0 
B= 
0 A2 


and M is an invertible transformation matrix formed by eigenvectors 





1 1 wey £28 
M= a M7! = 97 97 - An-l = MB" !mM-} 
1 _9}’ 1 =48 }’ ; 
28 97 «87 
where 
fer 2 
0 (—49)"-1 
From which, we obtain 
2%(48)" , (—49)"71 48” | —48 n-1 
pie: or + 37 ‘or + or * (-49) 
2%(48)"—1 a wie 48)” i= 
24(48)"" 4. 52% (—4g)n-2 48)" 4 96 5 (_4g)2-1 











and hence the result follows. 





Theorem 3.4 The number of spanning trees of the total graph of path P, is 


ial ree ees 7-3V5 


CL) oar ie ura 


, 


Proof Consider a total graph of path P,T(P,,) constructed from T(P,,) by deleting one 


n 
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edge. See Figure 5. 


We put 


It is clear that 
T(Pr) = 77 (Pr—1) — T(Pr-2), 


where T(P,,) is the number of even block and 


T(P,,) = 48T(Py_2) — 7T(P,_3), 


, 


where T(P,,) is the number of odd block with initial conditions T(P2) = 3,T(P;) = 1. Thus, 
we have 
T(Pn)\ 4 T(Pn-1) 
T(P,) Thad) 
where 
& ot T (Pn T(Pr- T(P. 
A= (Fn) =A Pat) =...= Ar? (Ps) : 
48. = T(P,) T(Pn-1) T(Py) 


My = land Ay = —1, \1 # Ag. Then there is a matrix M is invertible such that A~MDM~—}, 
where 


Ar 0 
B= 
0 rA2 


and M is an invertible transformation matrix formed by eigenvectors 


4 at 
2 
M= ae ; ACF SM BPM, 
6 an Hi 
where 
GIa(Or * 
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From which, we obtain 


da (lye? a3e(-L" (a) ee Aa) * Clr? 
DA « (1)9-2 — 24% (—1)"-2 3m (1)"-2 44 & (-1)"-? 














and hence the result follows. 





Theorem 3.5 The number of spanning trees in the graph nC4 0 2P,, is T(nC4 0 2P,,) = 4”. 


Proof Consider a graph B, constructed from nC, o 2P, = An by deleting two edges. See 
Figure 6. 





An Bn 


Figure 6 nC,02P, graph 
We put 
An =T(An) and Bn =1Bn). 


It is clear that 
An = 3An—1 + ABn-1 and Bn = 2An—1 _ 4By-1 


with initial conditions A, = 4 and B, = 1 thus we have 


Ay, An-1 
—A 7 
Bn Bn-1 
where 
3.O«A An An A 
AS ay | © ose akan es 
2 —4 Bn Bn-1 By 


We compute A”! as follows: 
det(A— Al) = A7 + A—20=0, A, =—5 and An = 4, Ar ¥ Ao. 
Then there is a matrix M is invertible such that A=~M BM, where 


Ar 0 
B= 
0 Ag 
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and M is an invertible transformation matrix formed by eigenvectors 


1 1 A 4 + —1 4 maha 
M= ee, ; A""! = MB" 1M 
a9 2 , 4 \9 : ? 
4 
where 
Br-i = ee 0 
0 (Ayes 
From which, we obtain 
(—5)"71+ | 2«(4)” —4%(—5)"—-1 | gn 
Ant _ 9 + 9 —s) + = 
"| =24(-5)"77 Q244™—1 8 x(—5)™1 gn} 
9 ag 9 oy 














and hence the result follows. 


Theorem 3.6 The number of spanning trees of friendship graph F3,x is T(F3,~)=3". 


Proof Consider a friendship graph Fs, , constructed from F3, by deleting one edge. See 
Figure 7. 





/ 
F3 F3.k 


Figure 7 Friendship graph F3 , 


We put 
Fs, =7(F3,,) and F3 yp = T(F3 4). 
It is clear that 
7(F3,k) = 27(F3e—1) + 37(F3 1) and 7(F3,) = 27(Fs,e—1) — 37(F5,n-1) 


with initial conditions (F3,1) = 3, (F3,,) = 1. Thus we have 


F3 4 F3 p-1 
/ t 9 


Fs 5 Fo got 
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where 


2 3 F: F3 p- 
“Aves 3,k A 3,k-1 hae eo AL 


, , , 


2 -—3 F3 x oy ae F34 
We compute A*~! as follows: 
det(A — Ala) = X7 —A—12 =0, Ay = —4 and Ag = 3, AL F Az. 
Then there is a matrix M is invertible such that A=~MBM~—!, where 


Ar 0 
B= 
0 A2 


and M is an invertible transformation matrix formed by eigenvectors 


1 -3 
ai. =f oe oo 
M = ; M7! _— 7 ; Ak-i a MBM}, 
Se 6 3 
7 OF 
where 
Br-1 = (—4)*-1 0 
0 yee 
From which, we obtain 
(<4)R7t | 2%(3)* —3%(-4)*7* 3k 
A-1 ite a el ena Tag 
| —2%(—4)R-2 243k71 6 x(—4)k71 gk-1 
7 + 7 + Ay 











and hence the result follows. 





Theorem 3.7 The number of spanning trees of friendship graph Fy, is T(Fi,~)=4". 


Proof Consider a friendship graph F’ f , constructed from F4,, by deleting one edge. See 
Figure 8. 





Ul 
Fak Fan 


Figure 8 Friendship graph Fy, 
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We put 
7(Fae) = 37(Fan—1) +47(Fyp—1) and tau(Fy,,) = 27(Fae-1) — 47(Fig_1) 


with initial conditions (Fi) = 4, (Fi,,) = 1. Thus, we have 


Far 4 Fap-1 


, , ? 


Fag Faget 
where 
Fed (cai orca ee (eg ene aa i 
2 =A Eos Fy yi Fay 


We compute A*~! as follows: 
det(A— Al) = A7 + A—20=0, A, = —5 and Ap = 4, Ar F¥ Ao. 
Then there is a matrix M is invertible such that A = MBM—!, where 


Ai 0 
0 Ag 


B= 


and M is an invertible transformation matrix formed by eigenvectors 


1 
M = 1 1 M7} = 4 a al ; Ak-i = MBM, 
-2 i 9\2 1 
where 
Brie Ser 0 
0 (Ayam 
From which, we obtain 
(—5)R71 | 2%(4)* —4%(—5)P-1 | gk 
Ak-l — 9 ag 9 a aia 
~ \ =2(=5)F77 | aeako2  8%(—5)R7E | ako] 
Sega rege gg 











and hence the result follows. 





Theorem 3.8 The number of spanning trees of friendship graph Fy, is T(Fn.~) =n". 


Proof Consider a friendship graph f , constructed from F,,, by deleting one edge. See 
Figure 9. 
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/ 
Funk Hog 


Figure 9 Friendship graph Fy, 


We put 


It is clear that 


, , , 


T(Fne) = (n — 17 Fnp—1) + TF x1) andr Fn.) = 27 Fn,b—1) — 27 (Fr x—1) 


, 


with initial conditions (F,,1) =n, (F),1) = 1. Thus, we have 


a _A ee 
Fae ee ae 
where 
n-l on Fy Be n-l on 
A= {| aaliee |) =... = ably 
2 —n : ae eae 2 —n 


We compute A*~! as follows: 
det(A — XI2) = +A—n(n- 1) = 0, At = —(n+1) and AQ =n, v1 # Xz. 
Then there is a matrix M is invertible such that A~MBM—!, where 


ae 70 
em tie 


0 Ag 


and M is an invertible transformation matrix formed by eigenvectors 


1 
—2 


-1 Me -1 - AR-1 — yp Bk-ly-}, 
1 


~ In+1 





M= 


SlR oR 
Nw 38le 
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where 
k-1 
on —(n+1) 0 
0 (aye 
From which, we obtain 
(npr as 2%(n)* —n*(—n—1)*71 ae nk 
k-1 _ 2n+1 2n+1 2Qn4+1 2n4+1 
A = 
—2%(—n—1)71 +4 Qxnk-1t 2nx(—n—1)*-1 we nk-l 
2n4+1 2n4+1 2n4+1 2n+1 














and hence the result follows. 





Theorem 3.9 The number of spanning trees of the subdivision of double triangular snake graph 
is T(S(2A, — snake)) = 32”. 


Proof Consider a double triangular snake graph S$(2A,,— snake) constructed from $(2A,— 
snake) by deleting one edges. See Figure 10, 


S(2A,,-snake) (2A! -snake) 
Figure 10 Friendship graph Fy, 
We put 
S(2A, — snake) = 7(S(2A,, — snake)) and S(2A,, — snake) = 7(S(2A,, — snake)). 
It is clear that 
S(2An — snake) = 31(S(2An—1 — snake)) + 32(S(2A, — snake)) 
and 
S(2A5 — snake) = 2(S(2A,_1 — snake)) — 32(S(2A)_, — snake)) 
with initial conditions $(2A, — snake) = 32, S(2A\, — snake) = 1. Thus, we have 


S(2A, — snake) 5 S(2A,-1 — snake) 


S(2A", — snake) S(2A\, — snake) 
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where 


31 32 
A = ; 
° =30 
S 
al > 


S(2A,, — snake) 2A,-1 — snake) S(2A, — snake) 
S(2A’, — snake) S(2A’, — snake) S(2A; — snake) 


We compute A”! as follows: 
det(A — AIz) = A7 + A— 1056 = 0, Ay = —33 and Az = 32, Ay F Az. 
Then there is a matrix M is invertible such that A~MBM—!, where 


A, 0 
B= 
0 rA2 


and M is an invertible transformation matrix formed by eigenvectors 


—32 
1 1 65 65_ 
M= f ; M7! = ; Ani = MB""'mM—t, 
—2 3 64 32 
65 65 
where 
ed 0 
0  (—33)r-1 


From which, we obtain 


(32)"—* “i 64*(—33)"7+ (—32)” a —32%(—33)"7+ 
An} — 65 65 65 65 
—2%(32)"—1 | 2x(—33)"71 2*(32)” (—33)"7? 
65 65 65 65 











and hence the result follows. 





§4. Spanning Tree Entropy 


The entropy of spanning trees of a network or the asymptotic complexity is a quantitative 
measure of the number of spanning trees and it characterizes the network structure. We use 
this entropy to quantify the robustness of networks. The most robust network is the network 
that has the highest entropy. We can calculate its spanning tree entropy which is a finite number 
and a very interesting quantity characterizing the network structure, defined in [15, 16] as 





: In7(G) 
Z = ] : 
NS ye SW) 
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Z(A, — snake) = Hers wae = Jim, an = 0.5493; 
Z(2A;, — snake) = base a - Jim, a = 0.6931; 
Z(4Ay— snake) = | lim ee Jim _ = 0.7742; 
Hees ta ac i Cae) el +8¥5) _ o.reso 
Z(nCx@2Pp) =, him as = lim me) 3 BE 3 Geiss: 
GRE) 7 Me ae = Jim, ae = 0.5493; 
Z(S(2Ax—snake)) = him a = lim sane =In 2) = 0.4332. 











§5. Conclusion 


In this paper, we proposed the combinatorial method to facilitate the calculation of the number 
of spanning trees for complex networks. In particular, we derive the explicit formulas for 
the triangular snake (A; — snake), double triangular snake (2A, — snake), four triangular 
snake (4A; — snake), the total graph of path P,(T(P,,)), the graph nC © 2P,,, the generalized 
friendship graphs F’* and the subdivision of double triangular snake (5(2A,, — snake)). Finally, 


we calculate their spanning trees entropy and we compare it between them. 
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Abstract: This work deals with the isomorphism theorems of Neutrosophic R- modules. In 
this work, we assumed all rings to be commutative rings, we studied neutrosophic module [2], 
neutrosophic submodule, pseudo neutrosophic module and pseudo neutrosophic submodule. 
We considered the concept of Lagrange theorem [11] and discovered that in case of finite 
neutrosophic modules, the order of both neutrosophic submodules and pseudo neutrosophic 
submodules do not generally divide the order of neutrosophic module. The concept of cosets 
in general does not partition the neutrosophic module, even the pseudo neutrosophic sub- 
modules do not in general partition the neutrosophic module. This work also shows that 
the neutrosophic module is also a module and we considered the isomorphism theorem for 
modules [8] and extended it to Neutrosophic R modules and discovered that the isomor- 
phism theorem for R modules also hold for neutrosophic R modules but where the order of 
a neutrosophic submodule divides the order of a neutrosophic module, the theorem may fail. 


We also stated and proved the isomorphism theorems of neutrosophic R-modules. 


Key Words: Neutrosophy, module, neutrosophic R-module, neutrosophic group, ring, 


neutrosophic R-submodule, partition, coset, isomorphism. 


AMS(2010): 03B60,12E05,97H40. 


§1. Introduction 


In 1980 [1], Florentin Smarandache introduced the notion of neutrosophy as a new branch of 
philosophy. Neutrosophy is the base of neutrosophic logic which is an extension of the fuzzy 
logic in which indeterminacy is included [2]. In the neutrosophic logic, each proposition is es- 
timated to have the percentage of truth in a subset JT’, the percentage of indeterminacy in a 
subset J, and the percentage of falsity in a subset F’. Since the world is full of indeterminacy, 
several real world problems involving indeterminacy arising from law, medicine, sociology, psy- 
chology, politics, engineering, industry, economics, management and decision making, finance, 
stocks and share, meteorology, artificial intelligence, IT, communication etc can be solved by 
neutrosophic logic. Using Neutrosophic theory, Vasantha Kandasamy and Florentin Smaran- 
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dache introduced the concept of neutrosophic algebraic structures [13]. Some of the neutro- 
sophic algebraic structures introduced and studied include neutrosophic fields, neutrosophic 
vector spaces, neutrosophic groups, neutrosophic bigroups, neutrosophic N-groups, neutro- 
sophic semigroups, neutrosophic bisemigroups, neutrosophic N-semigroup, neutrosophic loops, 
neutrosophic biloops, neutrosophic N-loop, neutrosophic groupoids, neutrosophic bigroupoids 
and so on. Neutrosophic module was defined by Florentin and Vasantha in [11]. 

In section two of this work, we present some elementary properties of neutrosophic R- 
modules and section three is devoted to the study of the isomorphism theorems of neutrosophic 
R-modules. 


§2. Some Elementary Properties of Neutrosophic R-module 


We begin this section with the following definitions. 


Definition 2.1({11]) Let R be a commutative ring. An R-module is an (additive) abelian group 
M equipped with scalar multiplication R x M — M such that the following axioms hold for all 
m,n€M and allr,s,1¢€R: 


Remark 2.2 This definition also makes sense for non commutative rings R in which in this 
case, M is called a left R-module. If R is a commutative ring, then a neutrosophic left R-module 
(M UI) becomes a neutrosophic right R-module and we simply call (M U I) a neutrosophic 
R-module. 


Remark 2.3 In the definition of neutrosophic R-module, we replaced the abelian group by a 
neutrosophic abelian group, all other factors remain the same. 


Definition 2.4 Let (MUTI) be a neutrosophic module. Let H and K be any two neutrosophic 
submodules of (MUI), we say H and K are neutrosophic conjugates if we can find x,y € (MUI) 
such that cH = Ky. 


We illustrate this with the following example. 


Example 2.5 Let R = {0,1, 2} be the ring of integers and let ZeUI = {0,1,2,3,4,5,/, 27, 3/, 41, 
57,14 7,14 27,1+3/7,1+41,---,5+ 57} be a neutrosphic group under addition modulo 6. 
Then Rx (Z UI) > (Zg UI) = {0,1,2,3,4,5, 1,21, 32,41,14+1,--- 5 +51} = (ZU I). This 
is a neutrosophic module. 

AT = {0,3,37,3+3I} is a neutosophic submodule of (ZgUI) K = {0, 2, 4, 2+27,4+4I, 27, 4T} 
is a neutrosophic sub module of (Z UT). For 2,3 in (MUTI), we have 2H = 3K = {0}, so 
A and K are neutrosophic conjugates. In case of neutrosophic conjugate, we do not demand 
O(H) = O(K). 
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Definition 2.6 Let (MUTI) be a neutrosophic module and H a neutrosophic sub module of 
(MUI) forn € (MUI), then H+n={h+n/h € H} is called a coset of H in (MUI). 
As neutrosophic modules are formed from neutrosophic abelian groups, we do not talk about left 


and right cosets as the left and right cosets coincide. 


Example 2.7 Let (MUTI) = (Z. UJ) = {0,1,/,1+ I} be a neutrosophic module and let 
HT = {0, I} bea neutrosophic sub module. The cosets of H are H+0 = {0,7}, H+1 = {1,1+4+/}, 
H+J={,0} andH+{14+/}={1417,1}. 





Definition 2.8 The cosets of a neutrosophic module do not generally partition the neutrosophic 


module. 


Example 2.9 Let (MUTI) = {0,1,/,1+ I} be a neutrosophic module and let H = {0,I} bea 
neutrosophic sub module. Then the cosets are H+0 = {0,J}, H+1= {1,1+J}, H+I = {I,0} 
and H+ {14+/}={14T7, 1}. 

Therefore the classes are [0] = [J] = {0,7} and [J] = [1+ J] = {1,1+J}. Here, we see the 
cosets do not partition the neutrosophic module. 


Example 2.10 Let (Z3; UI) = {0,1,2,/,27,1+J/,1+ 27,2 + 1,2 + 21} be a neutrosophic 
module and let P = {0,2, 1,27} be a neutrosophic submodule, then the cosets of P are P+0 = 
{0,2,7,27}, P+1 = {1,0,/,27}, P+2 = {2,1,14+2,24+ 20}, P+I = {I,I + 2,2I,0}, 
P+20 = {27,24 27,0,7},P+{14+T} = {141,7,1427,1}, P+ {1427} = {14+2/,27,1,1+ 
KP+{2+T} = {247,14 17,2+4 27,2} and P+ {2+ 27} = {24 27,14 27,2,2+ 7}. The 
cosets partition the neutrosophic module. Therefore, we see that the cosets do not generally 





partition the neutrosophic module. 


Theorem 2.1 The neutrosophic module is indeed a module. 


Proof Suppose that the neutrosophic module (MU IJ,+) is an (additive) Abelian neutro- 
sophic group. Every (additive) Abelian neutrosophic group is a group. We know that a module 
is an Abelian group over a ring. Therefore a neutrosophic module is a module. We illustrate 
with an example. 

Consider R = (Z3) = {0,1,2} is a ring and let N(M) = (MUTI) = (Z3 UT), then 
(Z3U1) = {0,1, 2,7, 27,14+7,1427,2+/,2+21}. Let Rx N(M) = {0,1,2} x {0,1,2,7,27,1+ 
T,14+27,2+7,2+ 27} = {0,1,2,7,27,1+7,1427,2+/7,2+2/}. 

Clearly, this is an additive Abelian neutrosophic group which is also a group. Also, an 
Abelian group over a ring gives a module, which is also a group. Therefore a neutrosophic 











module is a module. 





Definition 2.11 Let (MUTI) be a neutrosophic Abelian group and R a commutative ring. Let 
Rx (MUTI) > (MUI) be a neutrosophic R-module. A proper subset P of (M UT) is said 
to be a neutrosophic submodule of the R-module if P is a non-empty set which is closed under 


addition and scalar multiplication. 


Definition 2.12([11]) A pseudo neutrosophic group is a neutrosophic group which has no proper 
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subset which is a group. 


Definition 2.13((11]) Let N(M) = (MUTI) be a neutrosophic module, a proper subset P of 


N(M) which is a pseudo neutrosophic subgroup is called a pseudo neutrosophic submodule. 


Example 2.14 Let R = {0,1} be a ring and let N(M) = (2, UT) = {0,1,2,3,7,27,37,1+ 
T,14+ 27,14 37,2 + 7,2 + 27,2 + 31,3+ 1,3 + 21,3 + 31}, be a neutrosophic group. The 
neutrosophic R-module R x (Z4,U I) = {0,1} x {Z4 UT} = {0, 1, 2,3, 7, 27,37,14+7,1+27,14+ 
3/,24+/,24+ 27,24 37,34+7,34 27,34 31}. Let P = {0,3 + 3/} be a pseudo neutrosophic 
subgroup of (M UJ). Thus P is a pseudo neutrosophic submodule. 











Theorem 2.2([8]) The lagrange theorem for classical module states that the order of any 


submodule of a finite module is a factor of the order of the module. 


Definition 2.15 The order of a neutrosophic submodule does not in general divide the order 
of the neutrosophic module. 


Example 2.16 Let us consider an example of Lagrange theorem on Neutrosophic module 
Let (Z3 UI) = {0,1,2,7,27,1+ 7,1 + 22,24 7,2 + 22} be a neutrosophic module and let 
P = {0,2,I,2I} be a neutrosophic submodule, let us bear in mind that the order of the 
neutrosophic submodule need not divide the order of the neutrosophic module, then the cosets of 
P are P+0 = {0,2, 7,27}, P+1 = {1,0,7,27}, P+2 = {2,1,14+2,2+2I}, P+I = {1,14+2, 21,0}, 
P+2I = {27,2+2/,0, 0}, P+{1+]} = {14+1,7,14+217,1}, P+ {1420} = {14 2/,27,1,1+]}, 
P+{24+T}={24+17,14+17,24+2/7,2}, P+ {24 27} = {24+ 27,14 27,2,24 Th. 

The order of the neutrosophic module is nine and the order of the neutrosophic submodule 





is four, the number of elements in each coset is four as well. There are nine cosets. Therefore, 
we have 9 ¥ 4.9, four is not a factor of nine. 


In general, the neutrosophic modules do not satisfy Lagrange theorem on finite modules. 


§3. Isomorphism Theorems of Neutrosophic R-modules 


Theorem 3.1 Let f: MUI— NUIT be a neutrosophic R module homomorphism. Then, 


(1) ker f is a neutrosophic submodule of (N U1); 
(2) Imf is a neutrosophic submodule of (NU I). 





Proof Let (MUTI) € kerf andr € R. Then f(rm) = rf(m) =r(0) = 0. So (rm) € ker f. 
Thus, ker f is a neutrosophic R submodule of (M U I). 

In addition, suppose m € (MUTI) and r € R, we have rf(m) = f(rm) € Imf. So, Imf is 
a neutrosophic R submodule of (NU J). 

















Example 3.1 Let f : Z,UJI — Z3 UT defined by f : {a}4 — {2a}3 where {a}, means 
amod 4 and {2a}3 means 2amod 3. The kernel are {0, 3, 37,3+37} mapped to Z3 UJ under the 
operation amod 4 4, 2amod 3. The image of (Z4UT) are {0,1,2,7,27,14+/,1+2/7,2+/,2+2I} 
which is the neutrosophic submodule of (Z3 U I). 


22 M. E. Otene, A. D. Akwu and O. Oyewumi 


Corollary 3.2 If My; and M2 are R submodules of the neutrosophic R module (M UI) in 
Theorem 3.1, then 
M1 + M2/M, = M2/M1 20 Mo. 


Proof This is a corollary to Theorem 3.1. Notice that (MU J) = {0,1,2,/,27,14 
T,14+27,2+7,2+4 27,24 37,34 1,34 27,34 37}, My = {0,1,2}, M = {0,1}, M2/M, 
{0,1,2} + {0,1} = {{0,1}, {1,2}, {2,0}} = {0,1,2}, My + M2/M, = {0,1} + {0,1, 2} 
{{0,1, 2}, {1, 2, O}} = {0, 1,2}, Mim Mz = {0,1}, Mo/M,M M2 = {0,1,2}/{0, 1} = {0, 1,2} + 
{0,1} = {{0, 1}, {1,2}, {2,0}} = {0,1,2} and WM, + Mo/M, = M2/M, N Mo. It is noteworthy 
to mention that Theorem 3.1 holds even when the submodules are not neutrosophic submodules 


l| 











but just submodules. 





Theorem 3.3 If (MUI) C (M2UI) C (MUL) are neutrosophic R-modules, then Mz UI /M, UI 
is a neutrosophic submodule of (MUTI) /(M, UI) and 


(MUI)/(M,U 1) [Me UT) /(M,UT) (MUD) [{MgUD). 


Proof Define @: MUI /M,UI — MUI /M2UI by 0(4+ M\ UT) = 44+ MoUT. We have to 
check whether it is well defined. If we have two different representatives for 7+ MUTI, it means 
x+M,UI=y+M,UI which is the same as saying «— y € M, UT but (M, UT) Cc (M2 UT), 
therefore, « — y € (Mz UT), hence x + M2 UT is the same as y+ M2 UT. 6 is well defined and 
@ is a neutrosophic R module homomorphism. Now, what is the kernel of 6? Cleraly, 


ker@ = {ZE€ MUI /M, UI: 2+ M.UT=04+Mo2UT}, 


L.e., 
ker@={x1+M, UTE MUI /M,UI:©@€ MgUT=MnUT/M UT. 


If you take any + M,UT in MUI/M2UT, look at c+ M UI and O(a + M, Ul) = 2+ MQUI. 


Therefore, it is surjective. 

















Example 3.2 Let (MU) = {0,1,2,/,2I,1+1,1+21,2+1,2+2I},(M:UI) ={0,1,,1+ 
T}, (MUD) = {0,1}, MUI/M, UT = {0,1,2,1,21,1+ 1,14 27,24+1,2+ 21} + {0,f} = 
(02 HORI oT 0 3491) Mor a UT S20, Tar, Fh StO or 
T,1+20}, MjUI/M, UT is a neutrosophic submodule of MUI/M, UT. 





(MUD MUD [Wau /On U7) 


= {0,1,2,7,27,14+1,1421,247,2+ 21}/{0,1,7,21,14+ 1,14 20} 
SAO 2 FOL IEE IAL IST OL, 
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MUI/M.UI = {0,1,2,1,20,1+1,1427,2+1,2421}/{0,1,1,14+)} 
= LOO Pon CALPE o4+ 7,24 OT}, 











Whence, 
(MUTI) /(M, ut) / (Wh UT)/(M, UT) = (MU I)/(M2 Ul). 


Corollary 3.4 Let MUT be a neutrosophic module. Let My and M2 be submodules of (M UT) 
and let M, Cc Mo Se (MUT), then (MUD/ Mh [Mav > (MUI) /Mg. 


This is a corollary of Theorem 3.3. 


Example 3.3 We consider the following example Let (MUI) = {0,1,2,/,27,1+/,14+2I,2+ 
1,2+2I}, Mz = {0,1,2}, Mi = {0,1}. Then Mz / M; = {0,1,2} / {0,1} = {0, 1,2} + {0,1} = 
{{0, 1}, {1,2}, {2,1}} = {0,1, 2}, (MUD /M, = {0,1,2,7,27,14-7,1+27, 2+7, 24+21}+{0,1},= 
{{0, 1}, {1, 2}, {2,0}, {7,147}, {27, 2741}, (14-7, 24-7}, {14+27, 2427}, {24+17, I}, {2+27, 27}} = 
(0/159, FOF dee 4 OT 8 4 OTT and (MUD/M; / Ma/m, (ey a ies onl a ages 








OAT OP OT) (AOA OS 10,12 FOL eR TAT OAT OS OP E01 Ol S101 7 Ore 


PAR OT OAT SOT i UM S101, Oe OL Le Oe H+ 9710.1, 2h = 
£019) TOL leh Leek, DOT, 27, OOPS 0 OT 1 OF. 48 OT IE LT oe 
EV (OF OTP AOT+O Ie OT TA 49T O49 OT Ot FET toy or or 1 tery = 
{0,1,2,1,22,1+1,14+21,2+1,2+2I}. Whence, 











(MU )/ My / Ma/ Mt ~ (MUI)/Mp. 


Theorem 3.5 Let f : (MUTI) — NUT be a neutrosophic R module homomorphism, then 
Imf = MUI/ker f 


Proof Define 6: MUI/ker f + Imf, 0z = f(x). We want to prove that it is well-defined 
since there could be many representatives of £. If f = y¥ ~ «—y € ker f > f(x— y) =0. Since 





f is a neutrosophic module homomorphism f(x) = f(y) — 0(£) = 6(¥) — @ is well defined. 0 is 
a homomorphism since f is a homomorphism for all Z,y7 € MU I/ker f. (+9) = 0(@ Fy) = 
f(a+y) = f(x)+f(y) = O(Z) = 0(y) for allr € Rand € MUI/ker f. By definition of scalar 
multiplication on M UI/ker f, 0(r.2) = 0(Tz) = f(rx) = rf(x) = r6(Z), 0 is a neutrosophic 
R module homomorphism. Now, let y € Imf — « € MUT such that f(x) = y > 0(%) = y 
this implies @ is surjective. If 0(Z) = 0, then f(a) =0 —- « € ker f — & = 0. This implies 0 is 




















injective and it implies @ is an isomorphism. 


Example 3.4 Let f : Z3UI — Z3UI be defined by f: [a]3 — [4a]3 where [a]3 means amod 3 and 
[4a]3 means 4amod 3. The image of f = {0,1,2,/,27,1+/7,1+27,2+1,2+ 2/}, ker f = {0}, 
MUI/kerf = {0,1,2,1,21,1+ 1,1 + 2}/{0} = {0,1,2,7,20,1+ 1,14 27,24 1,2 +21}. 
Imf = {0,1,2,1,21,141,1+421,2+1,2+ 21}. Hence, Imf ¥ MUI/ker f. 
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Theorem 3.6 If (M, UTI) and (M2 UI) are neutrosophic R submodules of (MUI), then 
(Mh U1) + (MUD) / (8h, U2) (Maun) / (an UL) N (M2 UL). 


Proof Define 0: (Mz: UTI) — (M, UT) + (M2U n/a UI) by 0(x) = &. Note that we do 
not have to worry about well definiteness. There is no representative issue, every element has 
its own existence O(a + y) =a +y=2+y =0(x)+O(y). kerO = {xe MUI: %=0} ={re 
M2UT:2€ M, UT} = (M2UlI)N(M, UL). It is injective. +y or + M, UT is a coset, 
ye M,Ulandze MUI, 2+y=(et+y)+M = (e@4+ MUD+(y+M,UD), y+M,UI=0 
(in neutrosophic quotient module) = «7+ Mj UI =% — 0(4) =x + y — 8 is surjective. 





























The next example is an illustration of Theorem 3.6. 





Example 3.5 Let MUJ = {0,1,2,/,27,37,14+/,1427,14+3/,2+/,24 27,24+3/7,34+/,34+ 
27,3+ 31}, MjUT = {0,1,2,/,27,14+ 7,14 27,2+7,2+ 20}, M, UI = {0,2,27,2 + 27}. 
We show that (Mj, U I) + (M2 U n/n UI) = (M2 un / on UI) 1 (M2 UTI). Notice 








that (Mau) / (My U1) = (01,2121 os Ge ay ee ey 21) /{0,2,21,2+ 20), (Mz U 





n/muy = (01,2021 + I,1+21,2+1,24+27} and (M,UI)+(M2UI) /(M, Ul) = 
£0,907, D407} +40;1, 2,707.14 7,1 497, 2 47,2497). Therefore, {IU 1) + (Me U 
n (aun) = {0,1,2,1,27,14+1,14+22,2+1,2+2]}, (M,UI)A(MQUD) = {0, 2, 27,24 2/}, 





(Ma U2) [My UT) (Ma U1) = {0.12.1 2614 11 421,24 1,24 20) | (0,2,202+21} = 


(127 GAL PARSL oe bos Orato. 9.972437, (Maun) / (U1) a (MUD) = 
{0,1,2,7,27,1+7,14+27,2+J/,2+2I}. Therefore, we know that 














(Mr U1) + (Ma U1) / (0, U2) © (MUD) / (UT) a UD) 
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Abstract: Let G be an undirected graph with n vertices in which a robot is placed at a 
vertex say v, and a hole at vertex u and in all other (n — 2) vertices are obstacles. We refer 
to this assignment of robot and obstacles as a configuration Cy, of G. Suppose we have a 
one player game in which an obstacle can be slide to an adjacent vertex if it is empty ie. 
if it has a hole and the robot can move from vertex u to an empty vertex v if d(u,v) < 2 
where d(u,v) is the distance between vertex u and v. The goal is to take the robot to a 
particular destination vertex by using a sequence of mRJ moves of the robot for m = 1 
and simple moves of the robot as well as obstacles as the case may be. The results of this 
paper, which is an extension of the work [Motion planning in Cartesian product graphs, 
Discussiones Mathematicae Graph Theory 34 (2014) 207-221] gives the minimum number of 
moves required for the motion planning problem in Cartesian product of two graphs each 


having girth six or more. 
Key Words: Robot motion in a graph, Cartesian product of graphs, 1RJ move. 
AMS(2010): 05C85, 05C75, 68R10, 91A43. 


§1. Introduction 


Given a graph G, with a robot placed at one of it’s vertices and movable obstacles at some 
other vertices. Assuming that we are allowed to slide the obstacles to an adjacent vertex if 
it is empty and the robot can move from vertex u to an empty vertex v if d(u,v) < 2. Let 
u,v € V(G), and suppose that the robot is at v and the hole at uw and obstacles at other 
vertices we refer to this as a configuration C?. The number of edges in a path is called its 
length. The girth of a graph G, denoted by g(G), is the length of a shortest cycle contained 
in the graph. A simple move is referred to as moving an obstacle or the robot to an adjacent 
empty vertex. A graph G is k-reachable if there exists a k-configuration such that the robot 
can reach any vertex of the graph in a finite number of simple moves. Let u and v be two 
vertices having a robot and a hole, respectively. Further let [u, di, d2,ds,--- ,dm,v] be a path 
having obstacles at the vertices d1, do, d3,---,dm. An mRJ move from the vertex u to the 
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empty vertex v is defined as movement of the robot to an empty vertex v by jumping over m 
obstacles dj, dz, d3,--- ,dm. Although throughout this paper we would only consider the case 
where m = 1 (i.e. 1RJmoves only) and simple moves of the robot as well as obstacles as the 
case may be. Let [u, di, d2,d3,--- ,dm,v] be a path in a graph such that u and v have a hole 
and a robot respectively, and dj, dz, d3,...dm have obstacles. An mRJ move from vertex u to 
v is denoted by v = u. Similarly we use v “ u and v ~ u to denote respectively, the robot 
move and the obstacle move from vertex u to an adjacent vertex v where u,v € E(G). The 
objective is to find a minimum sequence of moves that takes the robot from (source) vertex u 
to a (destination) vertex v. The vertex set and edge set of a graph G is denoted by V(G) and 
E(G) respectively. We refer to |V(G)| and |E(G)| as the order and the size of G, respectively. 
A graph G is said to be non-trivial if |V(G)| > 1. In this article, we restrict our study to 
simple finite non-trivial graphs. For two vertices u,v € V(G), let dg(u, v) denotes the distance 
between u and v in G. We use d(u, v) instead of dg(u, v) to represent the distance between the 
vertices u and v in the graph G. We denote the path, the cycle and the complete graph on n 
vertices by P,, C, and Ky, respectively. 


The motion planning problem in graph was proposed by Papadimitriou et al. [9] where it 
was shown that with arbitrary number of holes, the decision version of such problem is NP- 
complete and that the problem is complex even when it is restricted to planar graphs. They 
also gave time algorithm for trees. The result in [9] was improve in [3]. Robot motion planning 
on graphs (RMPG) is a graph with a robot placed at one of its vertices and movable obstacle at 
some of the other vertices while generalization of RMPG problem is the Multiple robot motion 
planning in graph (MRMPG) whereby we have & different robots with respective destinations. 
Ellips and Azadeh [6] studied MRMPG on trees and introduced the concept of minimal solvable 
trees. Auletta et al. [2] also studied the feasibility of MRMPG problem on trees and gave an 
algorithm that, on input of two arrangements of k robots on a tree of order n, decides in 
time O(n) whether the two arrangements are reachable from one another. Parberry [8] worked 
on grid of order n? with multiple robots while Deb and Kapoor [5, 4] generalized and apply 
the technique used in [8] to calculate the minimum number of moves for the motion planning 
problem for the cartesian product of two given graphs. A recent work is by the present authors 
[1] whereby they gave the minimum number of moves required for the motion planning problem 


in some lexicographic product graphs. 


The MRMPG problem of grid graph of order n? with n? — 1 robots is known as (n? — 1)- 
puzzle. The objective of (n? — 1)-puzzle is to verify whether two given configurations of the 
grid graph of order n? are reachable from each other and if they are reachable then to provide a 
sequence of minimum number of moves that takes one configuration to the other. The (n? —1)- 


puzzle have been studied extensively in [7, 8, 10, 11]. 


Our work was motivated by Deb and Kapoor [4] whereby they gave minimum sequence of 
moves required for the motion planning problem in Cartesian product of two graphs having girth 
6 or more. They also proved that the path traced by the robot coincides with a shortest path 
in case of Cartesian product of graphs. In this paper we extend the work in [4] by considering 
the case in which the robot can jump one obstacle at a move (or time) and thus we give the 


minimum number of moves required for the motion planning problem in Cartesian product of 
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two graphs say G and H. 











Definition 1.1 The Cartesian product GOH of two graphs G and H is a graph with vertex set 
V(G) x V(A) in which (uj, vj) and (up, vq) are adjacent if one of the following condition holds: 





(1) uy = Up and {v;, Ug} € E(A); 
(2) vj = vq and {ui, Up} € E(G). 














The graphs G and H are known as the factors of GOH. Now onwards G and H are simple 
graphs with V(G) = {1, 2,3,...m} unless otherwise stated. 

Suppose we are dealing with r-copies of a graph G and we are denoting these r-copies of G 
by G’, where i = {1,2,3,--. ,r}. Then for each vertex u € V(G) we denote the corresponding 
vertex in the i*” copy G’ by u’. The girth of a graph G, denoted by g(G) is the length of the 
shortest cycle contained in graph G. Now we refer to the work of Deb and Kapoor [4] for a 
good pre-knowledge of this work. 


§2. Local Moves of the Hole 











Definition 2.1 An edge u',v’ in GOH is said to be a G-edge (respectively, H-edge) if u =v 
and {i,j} € E(G) (respectively, ifi = 7 and {u,v} € E(A) ). 














Definition 2.2 For any path P in GOH, by G-length and H-length of P we mean the number 
of G-edges and H-edges in P, respectively. We use lg(P) and ly(P) to denote the G-length 
and H-length of P, respectively. 














Definition 2.3. Given two graphs G and H. For any u',v) € V(GOH), we call the distance 
between u and v in H to be the H-distance between u' and v) in GOH, and the distance between 
i and j inG to be the G-distance between u* and vi inGOH. We use dg(u',v’) and dy(u', v’) 


to denote the G-distance and H-distance between u’ and vi in GOH, respectively. 









































Now, we use d(u,v) instead of dg(u,v) to represent the distance between u and v in G. 


Proposition 2.1 Given two graphs G and H. Let {i,j}, {j,k}, {k, 0}, {l,m} © E(G) and 
u € V(H). Then (i) dgop_yr(ut,u!) = min{dg_x(i,1),5} and (ii) deoy_ye(u’,u™) = 
min{dg_x(i,m), 6}. 














Proof (i) Let Q be a shortest path connecting u’ and u! in GOH — u®. We need to show 
that |Q| = min{dg_x(i,1),5}. We consider the following cases. 


Case 1. V(Q)NV(G") = V(Q) which implies that V(Q) C V(G*—u*) and so |Q| = dg_x(i, 1). 


Case 2. V(Q)N V(G") 4 V(Q). We claim that |Q| = 5. From the Cartesian product of 
graphs, notice that for any u,v € E(#), the vertices u®, v¥ are adjacent in GOA if and only 














if = y. Therefore if we are moving away from the copy G" using the path Q we must also 
come back to the copy G*. Hence G-distance covered along the path Q must be at least two. 
Also d(i,l) = 3, otherwise i,k or j,1 € E(G) and this implies |Q| = 2, which is not possible. 
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So G-distance traveled along the path Q must be at least three. Hence |Q| > 5. Now for any 
u,v € E(H) the path [u’, u,v, v*,v', u'] connects u’ and u! in GOH. 














(ii) Since we have established that degy_yr(u’, u!) = minf{dg_x(i,1),5} and k,l € E(G) 
we then conclude that dggy_—yr(u’,u™) = min{dg_xz(i,m), 6}. This proves our claim. 














Corollary 2.2 Given two graphs G and H. Let {i,j}, {j,k}, {k,} © E(G) and u € V(A). 


Then starting from the configuration (eae of GOH we require at least min{1 + dg_x(i, 1), 6} 
I 














moves to move the robot to u'. In particular, if g(G) > 6, then we need at least 6 moves to 


move the robot to u!. 














Proof Notice that, {u', uw}, {u’,u*},{u*,u'l © E(GOH). In order to move the robot from 
u® to u!, before it, the hole must be moved from u’ to u!. This would take minf{dg_x(i, 1), 5} 
moves. Since dgoy_—yr(u',u') = min{dg_xz(i,l),5}. Then the simple move u! « u* takes the 
robot from u* to u!. Hence the result follows. 

If g(H) > 6 then dg_z(i, 1) > 5 and so min{1+dg_z(i,1),6} = 6. Thus, at least six moves 
are required to take the robot from u* to u!. 














Corollary 2.3 Given two graphs G and H. Let {1,9}, {j,k}, {k, 1}, {l,m} © E(G) and u € 
V(A). Then starting from the configuration C%,, of GOH we require at least min{1+dg_p(i,m), 7} 


moves to move the robot to u™. In particular, if g(G) > 6, then we need at least 7 moves to 














move the robot to u™. 


Proof Just as in Corollary 2.2, in order to move the robot from u* to u™, before it, 
the hole must be moved from u’ to u™. This would take min{dg_x(i,m),6} moves. Since 
dgon—ur(u',u™) = minf{dg_x(i,m),6} . Then the 1RJ move u™ - u® takes the robot from 
u® to u™. Hence the result follows. 

If g(H) > 6 then dg_z(t,m) > 6 and so min{1 + dg_x(i,m),6} = 6. Therefore at least 
seven moves are required to take the robot from u* to u™. 














As Cartesian product of graphs is commutative, so the proof of the following proposition 
can be drawn in the same line as that of Proposition 2.1. 


Proposition 2.4 Given two non-trivial graphs G and H. Let {u,v}, {v, w},{w, cz}, {x,y} € 
E(H) andi € V(G). Then (i) dgoy_yi(u', x‘) = min{dy_»(u, x), 5} and (ii) dgny_yi(u’, y*) = 
min{dy—v(u, y), 6}. 


Corollary 2.5 Given two graphs G and H. Let {u,v},{v,w},{w,x} © E(H) andi € V(G). 
Then starting from the configuration C%, of GOH we require at least min{1 + dy_.(u, x), 6} 














moves to move the robot to x’. In particular, if g(G) > 6, then we need at least 6 moves to 
move the robot to x’. 


Corollary 2.6 Given two graphs G and H. Let {u,v}, {v,w},{w,x},{z,y} € E(H) and 
i € V(G). Then starting from the configuration C¥;, of GOH we require at least min{1 + 
dy—v(u,y),7} moves to move the robot to y’. In particular, if g(G) > 6, then we need at least 














7 moves to move the robot to y'. 
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The theorem below gives the advantage of a 1RJ move of the robot over a simple move. 


Theorem 2.7 Given two graphs G and H. Let {u,v}, {v,w} © E(H) andi € V(G). Then 


starting from the configuration Ce of GOH we require at least 3 moves to move the robot to 














w'. 











Proof Since {u',v’'} € E(GOH). First we would require the move u' + v’ which would 





take the robot from v* to u*. In order to move the robot to w*, before it, the hole must be 
moved from v' to wt. This take dgo(v',w’) = 1. Then the move w’ < u’ takes the robot 











from u* to w’. Hence the result follows. 





Proposition 2.8 Given two graphs G and H. Let {1,9}, {j,k} € E(G) and {u,v} € E(A). 
Then, starting from the configuration Ce, of GOH, we need at least four moves to move the 














robot to v*. 


Proof To move the robot from uJ to v® before it, the hole must be moved from u‘ to v*. 


k 


This takes three steps (or moves), since dgogy_—ys(u’,v*) = 3. Then the move v < u’ takes 











the robot to v*. Hence the result follows. 





As Cartesian product of graphs is commutative, so the proof of the following proposition 
can be drawn in the same line as that of Proposition 2.8. 


Proposition 2.9 Given two graphs G and H. Let {i,j} € E(G) and {u,v} € E(H). Then, 


starting from the configuration CY of GOH, we need at least four moves to move the robot to 


v*. 


























Definition 2.4 A robot move in GOH is called a G-move (respectively,H-move) if the edge 
along which the move took place is a G-edge(respectively,H -edge). 





Definition 2.5 Let T be a sequence of moves that take the robot from u' to vi inGOH. An H- 
move (respectively, G-move) in T of the robot is said to be a secondary H-move (respectively, 











G-move) if it is preceded by an H-move (respectively, G-move). An H-move (respectively, 
G-move) in T of the robot is said to be a primary H-move (respectively, G-move) if it is 
preceded by a G-move (respectively, H-move). Also the edge corresponding to a primary G- 
move (respectively, H-move) in T is said to be a primary G-edge (respectively, H-edge). 











Definition 2.6 A simple move GOH is said to be a G-simple move (respectively, H-simple 





move) if the edge along which the simple move took place is a G-edge(respectively, H-edge). 
Also, a1RJ-move in GOH is said to be aG-1RJ-move (respectively, H-1RJ-move) if the edge 
along which the 1RJ-move took place is a G-edge(respectively, H-edge). 























Definition 2.7 Let T be a sequence of moves that take the robot from u’ to vi in GOH. 
A G-simple move (respectively, H-simple move) in T of the robot preceded by a G-1RJ-move 





(respectively, H-1RJ-move) is said to be a G-primary simple move (respectively, H-primary 
simple move). A G-1RJ-move (respectively, H-1RJ-move) in T of the robot preceded by another 
G-1RJ-move (respectively, H-1RJ-move) is said to be a G-secondary 1RJ-move (respectively, 
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H-secondary 1RJ-move). 


In view of the above definitions we summarize the results of this section in terms of the 


following remark. 


Remark 2.10 Given two graphs G and H, each having girth six or more. 


(1) In view of Corollaries 2.2 and 2.5, to perform each G-primary simple (or H-primary 
simple) move of the robot we require at least 6 moves. 

(2) In view of Corollaries 2.3 and 2.6, to perform each G-secondary (or H-secondary) 1RJ 
move of the robot we require at least 7 moves. 

(3) In view of Propositions 2.8 and 2.9, to perform each G-primary (or H-primary) 1RJ- 
move of the robot we require at least 4 moves. 

(4) In a minimum sequence of moves, the robot should take as many primary moves as 
possible. 


§3. Trace of the Robot 


To begin this section, we now state the following lemma without proof. This lemma gives the 














least (or minimum) number of H-moves and G-moves a sequence can have in GOH. 


Lemma 3.1 Let G and H be two graphs such that 1,7 © V(G) andu,v € V(A). Further, let T 
be a sequence of moves that take the robot from u' to v) in GOH. Then the minimum number 














of H-moves (respectively,G-moves ) of the robot in T is 


k 
(1) . (respectively, = )moves, if p is even (respectively, k is even); 


pt+l 





(2) —it 


k+1 
(respectively) moves, if p is odd (respectively, k is odd ). Where 
dg(i,j) =k and dy(u,v) =p. 


Lemma 3.2 Consider the graphs G and H each having girth six or more. Let i,j € V(G) and 
{u,v}, {u,w} € E(A). Then each robot move in a minimum sequence of moves that takes Ce 














k 
to C”, inGOH is aG—1RJ-move. Also such a minimum sequence involves exactly 5 number 


Tk 
of G—1RJ-moves of the robot and “y moves in total, where k = d(i,j) > 1 and k is even. 











Proof Let T be a sequence of moves that takes (is to Sis in GOH. First assume that 


the number of robot moves in T is z and each of these robot moves in T' is a G — 1RJ-move. 





By Proposition 2.9, we need at least four moves to accomplish the first G — 1RJ-move of the 
robot. Notice that each remaining z — 1 robot moves in T is a G-secondary 1RJ-move. So 
by Remark 2.10, we need minimum of 7(z — 1) G-secondary 1RJ-moves. Now, if u/ = ul 











is the z*” robot move in T, it will leave the graph GOH with the configuration Gt Since 





dgoy—wi(u?, w?) = 3, so we need minimum of three more move to take the hole from u% to 
w). Hence T involves minimum 7z moves. Notice that, the expression 7z takes the minimum 


k 
value when z is minimum. Next, let d(i, 7) = k and [t = io, i2, i4,--- ,%%] be a path of length 5 
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connecting i and j in G. Then [u* = u",u’?,u4,--- ,u'* = wis a path of length 5 in GOH 
joining u’ to u’. So the sequence of moves 


. . . : P 

7 oO 7 r 7 oO 7 ‘a 7 oO 7 T. 7 oO 7 re ” 5 i 7 oO } 

vu? =u — 48 eu? — 8 U8 uk? — I 
1 1 1 1 1 








takes the robot from u’ to u/ along this path and each move in this sequence is a G — 1RJ- 
move. Also it involves exactly = number of G— 1RJ-moves of the robot. Therefore by Lemma 
3.1, a minimum sequence of moves in T (not involving H-moves of the robot) that takes the 
configuration Ce to ow, involves exactly 75 moves. 

Finally, assume that the sequence T involves H-moves also. If the sequence involves H- 
moves then we would require at least two H-moves. The first H-move of the robot in T would 
take it away from copy G” and the other would bring it back to G”. Note here that T’ would 


k 
still require additional ) G—1RJ moves. Thus we conclude that T is not minimum. This 











completes the proof. 





Lemma 3.3 Consider the graphs G and H each having girth six or more. Let i,j € V(G) and 


{u,v}, {u, w} © E(H). Then each robot move in a minimum sequence of moves that takes oe 











number 








i. : ae 
to C¥;, in GOH is a G-move. Also such a minimum sequence involves exactly 


k 
of G moves of the robot and iio 





moves in total, where k = d(i,j) > 1 and k is odd. 











Proof Let T be a sequence of moves that takes oe to ue in GOH. First assume that 


the number of robot moves in T in z and each of these robot moves in T is a G-move. By 





Proposition 2.9, we need at least four moves to accomplish the first G — 1RJ-move of the 
robot. Notice that each succeeding z — 2 robot moves in T is a G-secondary 1RJ-move. So by 
Remark 2.10, we need minimum of 7(z — 2) G-secondary 1RJ moves. Clearly, the z‘” move 
of the robot is a G-primary simple move. Thus by Remark 2.10, we require at least six moves 


to perform this G-primary simple move. Now, if u) 4 u® is the z“” robot move in T, it will 














leave the graph GOH with the configuration Ct. Since dgoy_yi (us, w?) = 2, so we need 
minimum of two more moves to take the hole from u* to w’. Hence T involves minimum 


7z —2 moves. The expression 7z — 2 takes the minimum value when z is minimum. Next, let 


eel 
CRE es aU er a ee eee ar eee 





connecting i and j in G. Then 











[ue = uu, u4,--- ,u’k-1 = u] is a path of length in GOH joining u’ to uJ. So the 








sequence of moves 


i 
7 oO 7 i yy oO ry r 4 oO 4 uz 4 oO a tb 7. tp oO ) 
a 12 0 4 2 6 44 us...yrk-2 yr k-3 w! 





takes the robot from u* to u/ along this path and each move in this sequence is a G-move. Also 





1 
it involves exactly number of G-moves of the robot. Therefore by Lemma 3.1, a minimum 


sequence of moves in T (not involving H-moves of the robot) that takes the configuration oe 











3 
moves.This completes the proof. 








to (ud involves exactly 
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Since the Cartesian product of graphs is commutative, so the proof of the next two lemmas 
can be drawn in the same as line as that of Lemmas 3.2 and 3.3. 


Lemma 3.4 Consider the graphs G and H each having girth six or more. Let {1,j}, {i, k}inE(G) 


and u,v € V(H). Then each robot move in a minimum sequence of moves that takes CY, to 














ee : we : Pp 
Che in GOH is an H —1rJmove. Also such a minimum sequence involves exactly 3 number 


7 
of H —1rJmoves of the robot and > moves in total, where p = d(u,v) > 1 and p is even. 


Lemma 3.5 Consider the graphs G and H each having girth six or more. Let {i, 7}, {i,k} € 


E(G) and u,v € V(H). Then each robot move in a minimum sequence of moves that takes C%; 
p+l 











number 








to Cre in GOH is a H-move. Also such a minimum sequence involves exactly 


7p+3 
of Hmoves of the robot and Ua 





moves in total, where p = d(u,v) > 1 and p is odd. 


In view of the results obtained in this section we have the following theorem. 


Theorem 3.6 Given two connected graphs G and H each having girth siz or more. Consider 
the configuration Oy of GOH.Then to move the robot from 

















(1) GY to G” we require at least (p — 1) + 
according as p is even or odd respectively; 

(2) H® to H! we require at least (k +2) + 
according as k is even or odd respectively. 


NIN 
NIN 


(p — 2) moves or (p— 1) (p — 3) + 6 moves 














NIN 


(k — 2) moves or (k + 2) 


NIN 


(k — 3) +6 moves 


§4. Minimum Number of Moves 











Definition 4.1 Given a path P connecting u' and vin GOH. By a minimal sequence of moves 





with trace P we mean a sequence with minimum number of moves that takes the robot from ut 
to vi along the path P in GOH. 























Definition 4.2 By a minimal u'v4-path in GOH we mean a u'v) -path P such that the G-edges 





in P induces aij-path in G and the H-edges in P induces a uv-path in H. 











Definition 4.3 Give two graphs G, H and a path P in GOH. By a primary edge in P we 





mean an H-edge that is preceded by a G-edge or a G-edge that is preceded by an H-edge. By 
a secondary edge in P we mean an H-edge that is preceded by an H-edge or a G-edge that is 
preceded by a G-edge. 


In view of the definitions above we now state the following lemma without proof. This 











lemma gives the maximum number of primary edges that a path can have in GOA with given 





H-length and G-length respectively. 











Lemma 4.1 Given two graphs G and H. Let P be a path connecting u' and v3 in GOH such 





that le(P) =a andly(P) = b. Then, the maximum number of primary edges P can have when 
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(1) a=b isa—1, ifa and b are both even; 
(2) a=0 isa, ifa and b are both odd; 
(3) a> is b—1, if a is odd and b is even and the first edge in P is an H-edge; 
(4)a>bisb orb+1, tifa and b are positive integers with opposite parity and the first 
edge in P is a G-edge according as a=b+1 or otherwise respectively; 
(5) a> 0 is b, if a is even and b is odd and the first edge in P is an H-edge; 
(6) a>b is b—1, if both a and b is even and the first edge in P is an H-edge; 
(7) a> b is b, if both a and b is even (odd) and the first edge in P is a G-edge (H-edge); 
(8)a>bisb+1, if both a and b is odd and the first edge in P is a G-edge; 
(9)a <b isa, ifa is even and b is a positive integer and the first edge in P is an H-edge; 
(10) a < b is a—1, if a is even and b is a positive integer and the first edge in P is a 
G-edge; 
(11) a < bisa ora+1, if a ts odd and b is even and the first edge in P is an H-edge 
according as a = b—1 or otherwise respectively; 
(12) a <b isa, ifa is odd and b is a positive integer and the first edge in P is a G-edge; 
(13)a<bisa+t1, if both a and b is odd and the first edge in P is an H-edge. 


In order to prove our result we need the following. 


Remark 4.1 (See [5]) Given two graphs G and H each having girth six or more. To perform 


each primary G-move (or H-move) of the robot we require at least 3 moves. 


Proposition 4.3 Given two graphs G and H. Let {i,j}, {j,k}, {k, 0}, {l,m} © E(G) and 
{u,v}, {v, w}, {w, c}, {x,y} © E(H). Then, starting from the configuration 











(2) cur of GOH, we need at least five moves to move the robot to w™; 


(tt) Coy 

(itt) Ge of GOH, we need at least four moves to move the robot to v*; 
k 

( Ww 











se of GOH, we need at least five moves to move the robot to y™; 

















iv) C%. of GOH, we need at least four moves to move the robot to w'. 





Proof (i) To move the robot from w* to w™, before it, the hole must be moved from u* 
to w™. This takes dgoy_ys(u*,w™) = 4. Then the 1RJ-move w™ - w* takes the robot to 
w™. Hence the result follows. 

(ii) As Cartesian product of graphs is commutative, the proof can be drawn in the same 
line as (i) above. 

(iii) To move the robot from u* to v*, before it, the hole must be moved from u’ to v*. 
This takes dgoy_,r(u’,v*) = 3. Then the 1RJ-move v* = u® takes the robot to v*. Hence 
the result follows. 


(iv) As Cartesian product of graphs is commutative, the proof can be drawn in the same 














line as (i277) above. 





Definition 4.4 Let T be a sequence of moves that takes the robot from u’ to vi in GOH. A 
G—1RJ-move (respectively, H-—1RJ-move) that is preceded by an H—1RJ-move (respectively, 











G—1RJ-move)is said to be a primary G— 1RJ-move (respectively,primary H — 1RJ-move ). 
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Also, aG simple move (respectively, H simple move)preceded by a H —1RJ-move (respectively, 


G—1RJ-move) is said to be a strong-primary G-move (respectively,H -move). 
In view of the above definitions we have this remark. 


Remark 4.4 Given two graphs each having girth six or more, in view of Proposition 4.4, to 


perform each 


(1) Primary G — 1RJ-move (respectively, primary H — 1RJ-move)of the robot we require 
at least 5 moves; 
(2) Strong-primary or weak-secondary G-move (respectively,H-move) of the robot we re- 


quire at least 4 moves. 


Theorem 4.5 Given two graphs G and H each having girth siz or more. Consider the con- 


























figuration Ge of GOH. For some j € GOH, let P be a minimal path connecting u' and v) in 
GOH. Let T be a minimal sequence with trace P. Where lg(P) =a and ly(P) = b. Suppose 
that the first move of the robot is an H-move then T involves at least 

















(i) kK-2m+Z(a+b) —8 moves if a and b are both even; 


(ii) k — 2m — 3n—q—4r + $(a+b)—1 moves if a and b are both odd; 


(iii) k —2m—3n-—q+4(a+b) — 2 moves if otherwise. 








Furthermore, suppose that the first move of the robot is a G-move then T involves at least 


(i) kK-2m+F(a+b) —4 moves if a and b are both even; 


(ii) k — 2m — 38n—q—4r + $(a +b) +3 moves if a and b are both odd; 
7 


(itt) k-—2m—3n—q+ 4(a+b) —4 moves if otherwise, 











where m is the number of primary G—1RJ (or primary H —1RJ)- moves, n is the number of 
strong-primary G (or H)-move, q is the number of G-primary (or H-primary) simple moves 
and r is the number of primary moves of the robot in T and k = d(u,v). 


Proof We consider cases following. 


Case 1. The first edge in P is an H-edge. 


a+b 
2 
. ; Tr ; . . ° 

first robot move is an H — 1RJ-move, say w’ — wu’. In order to realize this move, before it 

i: y i Fj 2 


Subcase 1.1 Since T is minimal so it involves exactly robot moves. In this case the 


the hole must move from v' to w’. Therefore, we require k — 1 moves to realize the first robot 
move, since dgoy—yi(v', w’) = k — 2 (k — 2 moves to bring the hole at w* plus the robot move 
w u’. Since m is the number of primary G(or H)-1RJ-moves in T, so the number of G(or 


#)-secondary 1RJ robot moves in T is ath —m-—1. Hence, by Remark 2.10, the number of 


moves in T isk —1+5m+4(a+b—2m-— 2), ie., k-—2m+ Z(a +b) —8 moves. 








a+b+2 
2 


Subcase 1.2 Since T is minimal so it involves exactly robot moves. Just as in 


Subcase 1.1 above, we require k—1 moves to realize the first robot move. By definition of m,n, q 
and r in T the number of G(or H)-secondary 1RJ robot moves in T is 4342 —m—n—q—r-1. 
Hence, by Remarks 2.10, 4.2 and 4.4 the number of moves in T is k—1+5m+4n+4+ 6q+3r+ 


7( othe m—-n—q—r—1), ie, k —2m—3n-—q 4r + Z(a + b) — 1 moves. 
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a+b+1 
2 


Subcase 1.3 Since T is minimal so it involves exactly robot moves. Similarly as in 


Subcase 1.1 above, we require k — 1 moves to realize the first robot move. By definition of m,n 
and q in T' the number of G(or H)-secondary 1RJ robot moves in T is 4344 — 
Hence, by Remarks 2.10 and 4.4 the number of moves in T is k—1+5m+4n+6q+ 7( ot - 


m—n—q-1), ie, k-2m—3n—q+4(a+b) — 2 moves. 


m—n—q-1. 





Case 2. The first edge in P is a G-edge. 


Subcase 2.1 Since T is minimal so it involves exactly ath robot moves. In this case the 


first robot move is a G— 1RJ-move. Let this move be u* = u’. So to perform this move we 


must first move the hole from v' to u*. Clearly dgoy_yi(v’,u*) =k+2. Therefore, we require 


k +3 moves to perform the first robot move (k +2 moves to bring the hole at u* plus the robot 


move uk - u’. Since m is the number of primary G(or H)-1RJ-moves in T, so the number of 


G(or H)-secondary 1RJ robot moves in T is “4% 


of moves in T is k+3+5m+ Z(a+b— 2m -— 2), ie., k—2m-+ 4(a + b) — 4moves. 


—m-—1. Hence, by Remark 2.10, the number 





atthe robot moves. Just as in 


Subcase 2.2 Since T is minimal so it involves exactly 
Subcase 2.1 above, we require k+3 moves to realize the first robot move. By definition of m,n, q 
and r in T the number of G(or H)-secondary 1RJ robot moves in T is +342 
Hence, by Remarks 2.10, 4.2 and 4.4 the number of moves in T is k+3+5m+4n+ 6q+ 3r4 


7( athe m—-n—q—r—-1), ie, k—2m—3n—-q 4r + Z(a +b) +3 moves. 


—-m—n-—q-r-1. 











a+b+1 
2 


Subcase 2.3 Since T is minimal so it involves exactly robot moves. Similarly as in 


Subcase 2.1 above, we require k + 3 moves to realize the first robot move. By definition of m,n 
and q in T the number of G(or H)-secondary 1RJ robot moves in T is 4+8+4 —m—n-—q-1. 
Hence, by Remark 2.10 and 4.4 the number of moves in T isk +3+5m+4n-+ 6q4 7( ot - 


m—n-—q-—1), ie, k-2m—3n-—q+ F(atb) — 4 moves. 

















This completes the proof. 





§5. Conclusion and Future Work 


In this article, we have been able to investigate the minimum number of moves required for 
the motion planning of Cartesian product of graphs whereby the robot/object can jump an 
obstacle. It is clear that the path traced by the robot moves of such motions is less than the 
minimal path in particular for some cases it is half of the minimal path and off course this path 
is along the shortest path. 

As future work, we plan to investigate this kind of motion in other product graphs, in 
particular strong and modular product. 
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§1. Introduction 


The notion of G—change in Finsler spaces was introduced by C. Shibata in [13]. Since then so 
many results have been obtained using this theory. In [1], S. H. Abed generalized the theory of 
(G—change and introduced a new change, called conformal G—change. In differential geometry, 
the theory of indicatrices has been very interesting topic for geometers from all over the world 
for both pure mathematical and applied reasons. The theory of indicatries and its properties 
have been studied by so many authors (((7], [10], ---, [14]) In the present paper we study the 
behavior of the indicatrices given by a particular G—change, known as Kropina change. 

This paper is organized as follows: 

In the second section, we discuss the basic definitions and examples of some special Finsler 
spaces. In Section 3, we consider the Indicatrices given by a G—change, called Kropina change 
and study its properties in detail. The terminologies and notations are referred to Matsumoto’s 
monograph [11] in this paper. 


§2. Preliminaries 


Let M be an n— dimensional smooth manifold, T,M, the tangent space at x € M, and TM 
the tangent bundle, the disjoint union of tangent spaces, i.e., 


TM := | | T,M. 
rEM 
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The elements of TM are denoted by (x, y), where x = (x) € M and y € T;M, called supporting 
element. The slit tangent bundle TM is defined as TM\ {0}. 


A Finsler metric on a smooth manifold M is a function F' : TM —-> (0,00) satisfying the 
following properties: 
(1) F is smooth on TMo, 


(2) F is positively 1-homogeneous on the fibers of tangent bundle TM and 
1 0?F? 

2 dy'dys 
A smooth manifold M equipped with the Finsler metric F is called Finsler manifold and the 


(3) the hession of F? with elements g;; = is positively defined on TM. 


corresponding space, denoted by F” = (M, F) is called a Finsler space. F is called fundamental 
function and g;; is called fundamental metric tensor of the Finsler space F”. The normalized 
supporting element ¢;, angular metric tensor h;;, and the metric tensor g;; of F'” are defined 


respectively as: 
OF are OF il 0? F? 
Oy? 9 Ay*Ays 5 Oy dys 


Finsler metrics were introduced in order to generalize the Riemannian ones in the sense 


= (2.1) 


that metric should not depend only on the point, but also on the direction. In Finsler geometry, 
(a, 3) metrics, introduced in [12], form a very important and rich class of Finsler metrics which 
can be expressed in the form F = ad(s), s = Be where a = \/aij(z)y*y/ is a Riemannian 
metric, 3 = b;(x)y’ is a 1—form and ¢ isa pains smooth function on the domain of definition. 
The notable (a, 3) metrics are Randers metric, Kropina metric, generalized Kropina metric, Z. 
Shen’s square metric and Matsumoto metric. If ¢(s) = 1+, we get F = a+{3, called Randers 
metric. In particular, when ¢(s) = a we get F = . called Kropina metric. Kropina metrics 
were induced by V. K. Kropina [8]. Kropina metrics seem to be among the simplest non-trivial 
Finsler metrics with many interesting applications in physics, electron optics with a magnatic 
field etc.({2], [3], [6]). Now we give some definitions and results that have been used in the next 
section. 


Definition 2.1 A Finsler space F” = (M, F)(n > 2) is called P2—like, if there exist a covariant 


vector field P; such that the hv curvature tensor Phijr of F” can be written in the form 
Phigk = PaCijr — PiCnjr- 
Let the Finsler space F"(n > 2) is P2—like. Then we have the result following. 


Theorem 2.1([9]) For a P2—like Finsler space F” = (M, F)(n > 2), the hu curvature tensor 
Phijk vanishes, or the v— curvature tensor Shizz of F” vanishes. 


Definition 2.2 A Finsler space F” = (M,F)(n > 3) is called R3—like, if the third curvature 
tensor Rnijz of Cartan is expressible in the form Rnrijk = gnj Lik + Gir Lng — GneLig — 913 Lnk; 


1 r 
where Lip, = aS (Rix _ git) » Rng = Rr jm and r = Rr. 





n—-1 
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For the (v)hv—torsion tensor Ppi; and the (h)hv— torsion tensor Chi;, we define 


*Phig = Phig — AChij, 





a 


. Cc 
where the scalar X is homogeneous of degree one with respect to y’ and is given by aNGl for 
j 


G20: 


Definition 2.3. A Finsler space F” = (M,F)(n > 2) is called a *P—Finsler space, if the 


torsion tensor * Pri; = 0. 


Definition 2.4 A Finsler space F” = (M, F) is called a Landsberg space, if the (v)hu—torsion 


tensor Prij = 0. 


Definition 2.5([5]) A non-Riemannian Finsler space F” = (M,F)(n > 4) is called S4—like, 


if the v—curvature tensor Spijx is written in the form 


L? Snigk = Rng Mix + hirMnj — hneMij — hij Mae; 


1 Shi; 
where M;; is symmetric and indicatory tensor given by Mj; = —s [s. - sy : 
Theorem 2.2((15]) Let F” = (M, F)(n > 4) be a R3—like (non-Landsberg) * P—Finsler space. 
Then F” is S4—like. 


Theorem 2.3([15]) An R3—like Landsberg space F" = (M,F)(n > 3) is a Finsler space 


satisfying Snijr = 0, or a Riemannian space of constant curvature. 


After some calculation, we find the following result. 


Theorem 2.4([15]) Jf a Finsler space F” = (M, F)(n > 4) is S4—like, then the Finsler space 
F" = (M,F), obtained from F” by a Kropina change, is also S4—like. 


§3. Indicatrices Given by a Kropina Change 


Let F” = (M, F) be a Finsler space. For any x € M, the tangent space T;,M is regarded as 
an n— dimensional Riemannian space with the fundamental tensor g;;(z, y), where x = (2) is 
fixed. In terms of the Cartan connection CT of F”, components Ct, of the (h)hv—torsion tensor 
are christoffel symbols of TM and the v—curvature tensor Sj, ;, is the Riemannian curvature 
tensor of T;,M. The indicatrix I, at a point x is a hypersurface of the Riemannian space TM 
which is defined by the equation F(a, y) = 1, where x is fixed. Consequently, I, is regarded as 
an (n — 1)—dimensional Riemannian space. 


Now, we consider a special G—change, called Kropina change, defined by 


Beg TE) (3.1) 
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where 3 = b;(x)y’ is a non-zero 1—form on M. 


Differentiation of (3.1) with respect t0 F and @ gives us the following relations: 


re OF OF 2 -OPF - iF? 
1 Te OF = B 7 J2— OB . B2’ 
oF 2 O7F QF? OF 2F 
— —<=———. Ss — ae Co—_—_—_— > 3.2 
fia oF2 ~ fo2 ep BB 12 DBOF Re (3.2) 
Ee F? 
Pah+ hb= =, Ffi2+ Bfoz =0, Ffir + Bfi2 = 0. (3.3) 
2F? F4 oF ii 
p= fh/P =, a= fh=—a, Go = fra = Gr (3.4) 
Further, ¢; = Fy gives 
- F? 28 
f= fili + fobs = aa) bi — poi (3.5) 
hi; = F0;0;F gives 
_ 2F? 2F4 B 
hij = phi; + QMmum; = “ge Pi + “pe Mss Mm; = b; = kan (3.6) 
Furthermore, we find 
3F4 2F? AF? 
Po = I + fr° = BF” d1=ffi2/F= 38 P1=@,+Pho/f = 38 
f (fu — fi/F) 4 
do = ja = 9, Pa =d.2tP/f = Gp. (3.7) 
' a 1 fae : 
Notice that 9:; = 3 (F ) ty gives 
Fj = PGig + Dodidj + D_, (divs + O;yi) + P_oYiYs 
2F? 3F4 4F? 4 
SY spare “ge bibs ~ Bs (diyg + byyi) + Bains: (3.8) 
By the Kropina change Fi; = 7 8 invariant under certain conditions, where hj; = 


g9i3 — &:t; is the angular metric tensor. 


From now on, we shall call a tensor which is invariant under the Kropina change a K- 


invariant tensor. For the v-curvature tensor Sp4;x, putting 


1 
DSK ijk = Shijgk + ear Un {hij Sre t+ hnrrSiy — Shighne/ (n—2)}, (3.9) 


we find that S7,;;,, is K-invariant under certain restrictions, where we use the notation Uj, to 
denote the interchange of indices 7, & and subtraction. 


For a S4—like Finsler space, we have the following result. 
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Theorem 3.1({14]) Let F? = (M,F)(n > 4) be a S4—like Finsler space. Then the indicatriz 
I, is conformally flat. 


Also, we can easily prove the result following. 


Theorem 3.2) A non-Riemannian Finsler space F" = (M, F)(n > 4) is S4—like if and only 
if the K-invariant tensor Si, vanishes. 


From equation (3.1), Theorems 2.1, 2.4, 3.1 and 3.2, we find the following result. 


Theorem 3.3 For a P2—like Finsler space F" = (M,F)(n > 4), the indicatrir I, of F”, 
obtained from F” by a Kropina change is conformally flat provided that Prijx A 0. 


From Theorems 2.2, 2.4 and 3.1, we immediately find the following theorem. 


Theorem 3.4 Let F” = (M,F)(n > 4), be a R3— like (non-Landsberg) *P— Finsler space. 
Then the indicatrix I, of F", obtained from F” by a Kropina change, is conformally flat. 


From equation (3.1), Theorems 2.3, 2.4, 3.1 and 3.2, we immediately find the next result. 


Theorem 3.5 Let F" = (M,F)(n > 4), be an R3-— like Landsberg space. If F" is not a 
Riemannian space of constant curvature, then the indicatrix I, of F", obtained from F” by a 


Kropina change, is conformally flat. 


Theorem 3.6([4]) Let F” = (M,F)(n > 2), be a *P— Finsler space. If the hu—curvature 


tensor Phijk is symmetric in j&k, then Prijk = 0, or the v—curvature tensor Spijk = 0. 


Therefore, by, equation (3.1) and Theorems 2.1, 2.43.13.23.6 we immediately get the fol- 


lowing conclusion. 


Theorem 3.7 Let F” = (M,F)(n > 2), be a*P— Finsler space. If the hu—curvature tensor 
Phijk 18 symmetric in j&k, then the indicatriz I, of F”, obtained from F” by a Kropina change, 
is conformally flat provided that Phijz A 0. 


According to the G— change of a Finsler metric, the v—curvature tensor Shik changes as 
follows ([{13]): 


Shin = Shir t+ iye (ChaeVag — ChkVing — VineVag), Vg = Ch - Ch. (3.10) 
In case of Kropina change, from (3.2), we get a conclusion following. 
Theorem 3.8 Let Shik = jx (CRV i, + VieeVaT — Co.) . Then we get Shik = 0, where 
Vij = Q" (Bp Cimgb™ — p_smamy) 
1 (m> 


pL 
ar (= —vy a") (Doo mim; + p_,hi;) > oF (him; + him) 


and 
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GB? Be 92 
Qh = sob" + 8.8", 80= a RE Sa = BRD P= BE 
4F* B dp, 12F4 
Py = — p8? y= ame Fe” Poo = DB — BP (3.11) 


In [6], we have known the following result. 


Theorem 3.9 Let F” =(M, F)(n > 2), be a Finsler space. Then its v—curvature tensor Spijk 


vanishes at a point x, if and only if the indicatriz I, is of constant curvature 1. 


By Theorems (3.8) and (3.9), we get 


Theorem 3.10 Let Si. = je (CREViig + Via Vir — ChieVitn) Then the indicarie I, of F”, 


obtained from F"™(n > 2) by a Kropina change, is of constant curvature 1. 
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Abstract: In this paper, neighbourly pseudo irregular fuzzy graphs and neighbourly pseudo 
totally irregular fuzzy graphs are defined. Comparative study between neighbourly pseudo 
irregular fuzzy graph and neighbourly pseudo totally irregular fuzzy graph is done. A nec- 
essary and sufficient conditions under which they are equivalent are provided. Also, few 
properties of neighbourly pseudo irregular fuzzy graphs and neighbourly pseudo totally ir- 
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§1. Introduction 


In this paper, we consider only finite, simple, connected graphs. We denote the vertex set and 
the edge set of a graph G by V(G) and E(G) respectively. The degree of a vertex v is the 
number of edges incident at v, and it is denoted by d(v). A graph G is regular if all its vertices 
have the same degree. The 2-degree of v is the sum of the degrees of the vertices adjacent to 
v and it is denoted by t(v). A pseudo degree of a vertex v is denoted by da(v) and defined as 


t(v) 


Eau)’ where dé(v) is the number of edges incident at v. 

A graph is called pseudo-regular if every vertex of G has equal pseudo (average) degree 
[3]. The notion of fuzzy sets was introduced by Zadeh as a way of representing uncertainly 
and vagueness [18]. The first definition of fuzzy graph was introduced by Haufmann in 1973. 
In 1975, A. Rosenfeld introduced the concept of fuzzy graphs [8]. The theory of graph is an 
extremely useful tool for solving combinatorial problems in different areas. Irregular fuzzy 


graphs plays a central role in combinatorics and theoretical computer science. 


§2. Review of Literature 


Nagoorgani and Radha introduced the concept of degree, total degree, regular fuzzy graphs in 
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2008 [7]. Nagoorgani and Latha introduced the concept of irregular fuzzy graphs, neighbourly 
irregular fuzzy graphs and highly irregular fuzzy graphs in 2008 [6]. Mathew, Sunitha and 
Anjali introduced some connectivity concepts in bipolar fuzzy graphs [16]. Akram and Dudek 
introduced the notions of regular bipolar fuzzy graphs [1] and also introduced intuitionistic 
fuzzy graphs [2]. Samanta and Pal introduced the concept of irregular bipolar fuzzy graphs in 
[14]. 

N.R.S. Maheswari and C. Sekar introduced (2,k)-regular fuzzy graphs and totally (2,k)- 
regular fuzzy graphs [9]. N.R.S. Maheswari and C. Sekar introduced m-neighbourly irregular 
fuzzy graphs [13]. N.R.S. Maheswari and C. Sekar introduced neighbourly edge irregular fuzzy 
graphs [10]. N.R.S. Maheswariand C. Sekar introduced neighbourly edge irregular bipolar fuzzy 
graphs [11]. Pal and Hossein introduced irregular interval-valued fuzzy graphs [17]. Sunitha 
and Mathew discussed about growth of fuzzy graph theory [15]. N.R.S. Maheswari and C. Sekar 
introduced pseudo degree and total pseudo degree in fuzzy graphs and pseudo regular fuzzy 
graphs and discussed some of its properties [12]. These motivate us to introduce neighbourly 
pseudo irregular fuzzy graphs, and neighbourly pseudo totally irregular fuzzy graphs discussed 
some of its properties. 


§3. Preliminaries 


By a graph, we mean a finite simple and undirected graph. The vertex set and edge set of a 
graph G denoted by V(G) and E(G) respectively [2]. 


Definition 3.1([5]) A fuzzy graph G : (0, ) is a pair of functions (0,1), where o : V = (0, 1] 
is a fuzzy subset of a non-empty set V and u:V x V = [0,1] ts a symmetric fuzzy relation on 
a such that for all u,v in V, the relation p(uv) < o(u)Aa(v) is satisfied. A fuzzy graph G is 
called complete fuzzy graph if the relation u(uv) = o(u)Ao(v) ts satisfied. 


Definition 3.2([4]) Let G: (0, 4) be a fuzzy graph on G*(V, E). The degree of a verter u in G 
is denoted by d(u) and is defined as d(w) = >> u(uv), for all uv € E. 


Definition 3.3((6]) Let G: (0, 4) be a fuzzy graph on G*(V, E). The total degree of a verter u 
in G is denoted by td(uv) and is defined as td(uv) = d(u) + o(u) for allue V. 


Definition 3.4([1]) Let G: (o,u) be a fuzzy graph on G*(V,E). Then G is said to be an 


irregular fuzzy graph, if there is a vertex which is adjacent to vertices with distinct degrees. 


Definition 3.5 Let G: (o,y) be a fuzzy graph on G*(V,E).Then G is said to be a totally 


irregular fuzzy graph if there is vertex which is adjacent to vertices with distinct degrees. 


Definition 3.6 let G: (a, )be a fuzzy graph on G*(V,E). Then G is said to be a neighbourly 


irregular fuzzy graph if every two adjacent vertices of G have distinct degree. 


Definition 3.7 Let G: (0, ) be a fuzzy graph on G*(V,E). Then G is said to be a neighbourly 


total irregular fuzzy graph if every two adjacent vertices have distinct total degrees. 
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Definition 3.8 Let G : (o,) be a fuzzy graph on G*(V,E). The 2-degree of a vertex v is 


defined as the sum of degrees of vertices incident at v and it is denoted by t(v). 


t(v) 


Definition 3.9 A pseudo degree of a vertex v is denoted by da(v) and defined as FEC? where 
G 


dé(v) is the number of edges incident at v. 


Definition 3.10 Let G: (o,p) be a fuzzy graph on G*(V,E). The pseudo total degree of a 
vertex vu in G is denoted by tda(v) and is defined as tda(v) = da(v) + o(v) for alluEe V. 


§4. Neighbourly Pseudo Irregular Fuzzy Graphs 
Definition 4.1 Let G: (0, u) be a fuzzy graph on G*(V,E). Then G is said to be a neighbourly 
pseudo irregular fuzzy graph if every two adjacent vertices of G have distinct pseudo degree. 


Example 4.2 Consider a graph on G*(V, E). 
u(0.3) 





x(0.6) 


Figure 1 


From Figure 1, dg(u) = 0.3, dg(v) = 0.8, dg(w) = 0.4, dg(x) = 0.7, de(y) = 0.6. Also, 
da(u) = 0.7, da(v) = 0.46, da(w) = 0.8, da(a) = 0.7, da(y) = 0.5. Here, pseudo degrees of all 
pair of adjacent vertices are distinct. Hence G is neighbourly pseudo irregular fuzzy graph. 


Definition 4.3 Let G: (0, ) be a fuzzy graph on G*(V,E). Then G is said to be a neighbourly 
pseudo totally irregular fuzzy graph if every two adjacent vertices of G have distinct total pseudo 


degree. 


Example 4.4 Consider a graph on G*(V, E). 


u(0.4) 
0.1 0.3 
w(0.7) 0.7 v(0.9) 
Figure 2 


From Figure 2, de(u) = 0.4, de(v) = 1.0, dg(w) = 0.8. Here, dg*(u) = 2 for all u in G. 
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Also, da(u) = 0.9, da(v) = 0.6, da(w) = 0.7, tda(u) = 1.3, tda(v) = 1.5, tda(w) = 1.4. Here, 
total pseudo degrees of all pair of adjacent vertices are distinct. Hence G is neighbourly pseudo 
totally irregular fuzzy graph. 


Remark 4.5 A neighbourly pseudo irregular fuzzy graph need not be a neighbourly pseudo 
totally irregular fuzzy graph. 


Example 4.6 Consider a graph on G*(V, E). 
u(0.6) 


0.4 0.2 


(0.5) 0.1 w(0.3) 
Figure 3 

From the above figure, dg(u) = 0.4, dg(v) = 0.6, de(w) = 0.3, dg(x) = 1.1, de(y) = 0.4. 
Also, da(u) = 0.85, da(v) = 0.6, da(w) = 0.85,da(x) = 0.425, da(y) = 1.1, tda(u) = 1.45, 
tda(v) = 1.45, tda(w) = 1.15, tda(x) = 0.925, tda(y) = 1.9. Here, pseudo degrees of all pair 
of adjacent vertices are distinct. Hence G is neighbourly pseudo irregular fuzzy graph. But u 
and v are the adjacent vertices having same total pseudo degree. Hence G is not a neighbourly 
pseudo totally irregular fuzzy graph. 


Remark 4.6 A neighbourly pseudo totally irregular fuzzy graph need not be a neighbourly 
pseudo irregular fuzzy graph. 


Example 4.7 Consider a graph on G*(V, E). 





x(0.8) 


Figure 4 
Here, da(u) = 0.4, da(v) = 0.5, da(w) = 0.5,da(a%) = 0.5, da(y) = 0.4, da(z) = 0.3, 
tda(u) = 0.6, tda(v) = 0.9, tda(w) = 1.1, tda(x) = 1.3, tda(y) = 1.0, tda(z) = 0.7. Here, 
total pseudo degrees of all pair of adjacent vertices are distinct. Hence G is neighbourly pseudo 
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totally irregular fuzzy graph. But the pairs v and w, w and 2 are the adjacent vertices having 
same pseudo degree. Hence G is not a neighbourly pseudo irregular fuzzy graph. 


Theorem 4.9 Let G: (a, 4) be a fuzzy graph on G*(V,E). Ifo is a constant function then the 


following are equivalent. 


(i) G is neighbourly pseudo irregular fuzzy graph; 
(it) G is neighbourly pseudo totally irregular fuzzy graph. 


Proof Assume that o is a constant function. Let o(u) = c for all u € V. Suppose 
G is a neighbourly pseudo irregular fuzzy graph. Then every two pair of adjacent vertices 
have distinct pseudo degrees. Let ui and ug be two adjacent vertices with pseudo degrees ky 
and kz respectively. Then k, 4 ke. Suppose G is not a neighbourly pseudo totally irregular 
fuzzy graph. Then at least two adjacent vertices have same total pseudo degree. Suppose 
tda(u1) = tda(u2) => ky t+o=kgt+e = > ki = ko, which is a contradiction. Hence G is a 
neighbourly pseudo totally irregular fuzzy graph. Then (i) => (ii) proved 


Now, Suppose G is a neighbourly pseudo totally irregular fuzzy graph. Then every pair 
of adjacent vertices have distinct total pseudo degrees. Let u; and uz be two adjacent vertices 
with pseudo degrees ky and kp respectively. Now, tda(ui) 4 tda(u2) => ki t+c#Akgt+ec => 
ky # ko. Thus every pair of adjacent vertices have distinct average degrees. Hence G is a 














neighbourly pseudo irregular fuzzy graph. Thus (i7) => (¢) proved. 


Remark 4.10 The converse of the above theorem need not be true. 


Example 4.11 Consider a graph on G*(V, EF). 


u(0.5) 0.4 v(0.5) 0.1 w(0.6) 


0.2 


y(0.3) 0.2 2(0.3) 


Figure 5 
From the figure 5, da(u) = 0.6, da(v) = 0.6, da(w) = 0.55,da(x) = 0.366, da(y) = 0.5 , 
tda(u) = 1.1, tda(v) = 0.9, tda(w) = 1.15, tda(x) = 0.666, tda(y) = 0.8. Hence G is neighbourly 
pseudo irregular fuzzy graph and neighbourly pseudo totally irregular fuzzy graph. But o is 
not a constant function. 


Remark 4.12 Pseudo irregular fuzzy graph need not be a neighbourly pseudo irregular fuzzy 
graph. 


Example 4.13 Consider a graph on G*(V, E). 
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u(0.2) 





x(0.8) 
Figure 6 
Here, da(u) = 0.4, da(v) = 0.5, da(w) = 0.5,da(a) = 0.5, da(y) = 0.4, da(z) = 0.3. Here 
But the pairs v & w and w & are the adjacent vertices having same pseudo degree. Hence G 


is not a neighbourly pseudo irregular fuzzy graph. But G is pseudo irregular fuzzy graph, since 
the vertex u is adjacent to vertices v and z with distinct pseudo degrees 


Theorem 4.14 Let G: (, 1) be a fuzzy graph on G*(V, E). If the pseudo degrees of all vertices 
of G are distinct, then G is neighbourly pseudo irregular fuzzy graph. 


Proof Assume that the pseudo degrees of all vertices of G are distinct. Then every pair 
of adjacent vertices have distinct pseudo degree and hence G is neighbourly pseudo irregular 














fuzzy graph. 


Theorem 4.15 Let G: (a, 1) be a fuzzy graph on G*(V, E). If the pseudo degrees of all vertices 


of G are distinct and o is constant, then G is neighbourly pseudo totally irregular fuzzy graph. 


Proof Assume that the pseudo degrees of all vertices of G are distinct. Then by theorem G 
is neighbourly pseudo irregular fuzzy graph. Since a is constant, by theorem, G is neighbourly 














pseudo totally irregular fuzzy graph. 


Theorem 4.16 If G: (o,) be a fuzzy graph on G*(V,E), a cycle of length n and yu is a 


constant function then G is not a neighbourly pseudo irregular fuzzy graph. 


Proof Assume that pu is a constant function, say u(usu;) = c, 1 ~ jf for all uju; € E. Then 
da(u;) = 2c for all u; € V. Thus d,(u;) is constant for all u; € V. Hence G is not a neighbourly 














pseudo irregular fuzzy graph. 


Theorem 4.17 Let G : (0,1) be a fuzzy graph on G*(V,E), a cycle of length n. If w is a 


constant and o is distinct, then G is neighbourly pseudo totally irregular fuzzy graph. 


Proof Assume that py is a constant and o is distinct. (ie.) u(uuj;) = c¢, i # 7 for all 
uu; € E and o(u;) = k for all ue V. Thus ky 4 ko A kg #--- A kn. Then da(ui) = 2c 
for all u.€ V. Now tda(u;) = da(uis) + o(uj) = 2c + ki, for i = 1,2,3,---,n. Hence G is a 
neighbourly pseudo totally irregular fuzzy graph. 

















Theorem 4.18 Let G: (c,) be a fuzzy graph on G*(V,E), an even cycle of length n and o 
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is distinct. If alternate edges have the same membership values, then G is neighbourly pseudo 


totally irregular fuzzy graph. 


Proof Assume that alternate edges takes the same membership values and o(u;) = k;, for 
i=1,2,---,nandky 4ko #---#ky. Let €1,e€2,--- , en be the edges of G. Since the alternate 
edges have the same membership values, 


cyif 7 is odd, 
u(ei) = mee 
C2 if 7 iseven, 
da(u:) =cq+C,1= 1,2,--- ,n, 
d,(u;) = constant, 
td, (ui) = da(u;) + a(u), 
= da(u;) +k, t= 1,2,---,n and ky # ko # ahs # Kn. 


So, every pair of adjacent vertices have distinct total pseudo degree. Hence G is neighbourly 











pseudo totally irregular fuzzy graph. 





Remarks 4.19 The above theorem does not hold for neighbourly pseudo irregular fuzzy graph. 


Example 4.20 Consider a graph on G*(V, EF). 
u(0.2) 





x(0.5) 
Figure 7 
Here, da(u) = 0.3, da(v) = 0.3, da(w) = 0.3,da(a) = 0.3, da(y) = 0.3, da(z) = 0.3. Here 
a(u) is distinct. But G is not a neighbourly pseudo irregular fuzzy graph, since there is no pair 
of adjacent vertices having distinct pseudo degree. 


Theorem 4.21 Let G: (0,1) be a fuzzy graph on G*(V, FE), a cycle of length n and n > 5. 
If the membership values of the edges are c1,C2,C3,°** ,Cn such that cy < cg < ¢c3 < +++ < Cp. 


Then G is neighbourly pseudo irregular fuzzy graph. 


Proof Let G : (o,u) be a fuzzy graph on G*(V, £), a cycle of length n and n > 5. Let 


C1, €2,C€3,°** ,€n be the edges of the cycle C;, in that order. Let the membership values of the 
edges €1, €2, €3,°°° ,€n be C1, C2,€3,°°* ,Cn such that cy < co < 03 < +++ <q. 
Chote ifi=1 
Now, d(v;)= 4 ” 


G-1+¢ if t= 2,3,4,---,n 
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Hooton) if j= 1 


=> da(v;) = 4 Metin) if 7 2,3,..-.n—1 
Menta) if j = 

cate3ten-1tCn sf - 

asm '_ ifi=—l 


Cn+citcetcs if 7 —9 
2 
== da(v;) —a 


ot fis ee 1 





Cit+Cn te€n—1t+Cn—2 
2 
Also, since cy < cg < ¢3 < ++: < Gn, we have every pair of adjacent vertices have distinct 


ifi =n. 














pseudo degree. Hence the graph G is neighbourly pseudo irregular fuzzy graph. 


References 


1] M. Akram and Wieslaw A. Dudek, Regular bipolar fuzzy graphsgraphs, Neural Comput. 

And Applic., 21 (Suppl 1) (2012), $197-S205. 

2| A.Nagoor Gani and S.R.Latha, On Irregular Fuzzy graphs, Applied Mathematical Sciences, 

6 (2012), 517-523. 

3] N.R.Santhi Maheswari and C.Sekar, On Pseudo Regular Fuzzy Graphs, Annals of pure and 

Applied Mathematics, 11(1) (2016), 105-113. 

4] P.Bhattacharya, Some remarks on Fuzzy Graphs, Pattern Recognition Lett., 6(1987), 297- 

302. 

5] G.Chartrand, P.Erdos, Ortrud R.Oellerman, How to define an irregular graph, College. 

Math. Journal, 19(1988). 

6] N.R.Santhi Maheswari and M.Sudha, Pseudo Irregular fuzzy graphs and Highly Pseudo 

Irregular fuzzy graphs, International Journal of Mathematical Archive, 7(4)(2016), 99-106. 

7| A.Nagoor Gani and M. Basheer Ahamed, Order and size in fuzzy graph, Bulletin Pure and 

Applied Science, 22E(1)(2003) 145-148. 

8] N.R.Santhi Maheswari and M.Rajeswari, On Strongly Pseudo Irregular fuzzy graphs, In- 

ternational Journal of Mathematics, 7(6)(2016), 145-151. 

9] N.R.Santhi Maheswari and C.Sekar, On (2,é)- regular fuzzy graph and totally (2, k)- reg- 
ular fuzzy graph, International Journal of Mathematics and Soft Computing, 4(2)(2014), 
59-69. 

[10] M.Pal and H.Rashmanlou, Irregular interval-valued fuzzy graphs, Annals of Pure and Ap- 

plied Mathematics, 3(1)(2013), 56-66. 

[11] L.A.Zadeh, Fuzzy sets, Information and Control, 8(1965), 338-353. 

[12] M. Akram and Wieslaw A. Dudek, Regular bipolar fuzzy graphs, Neural Comput. And 

Applic., 21 (Suppl 1) (2012), S197-S205. 








International J.Math. Combin. Vol.4(2018), 58-64 


Spectra of a New Join in Duplication Graph 


K.Reji Kumar 


(Department of Mathematics, N. S. S. College, Cherthala, Kerala) 


Renny P. Varghese 


(Department of Mathematics, Catholicate College, Pathanamthitta, Kerala) 


E-mail: rkkmaths@yahoo.co.in, rennypv1@gmail.com 


Abstract: The duplication graph Dg(G) of a graph G is obtained by inserting new vertices 
corresponding to each vertex of G and making the vertex adjacent to the neighborhood of 
the corresponding vertex of G and deleting the edges of G. Let Gi and G2 be two graph with 
vertex sets V(G1) and V(G2) respectively. The Dg-vertexr join of Gi and G2 is denoted by 
GiUG2 and it is the graph obtained from Dg(Gi) and G2 by joining every vertex of V(G1) 
to every vertex of V(G2). The DG-add vertex join of G1 and G2 is denoted by Gi hd G2 and 
is the graph obtained from Dg(G1) and G2 by joining every additional vertex of De(G1) to 
every vertex of V(G2). In this paper we determine the A-spectra and L-spectra of the two 
new joins of graphs Gi and Gz when Gi is a regular graph and G2 is an arbitrary graph. As 
an application we give the number of spanning tree, the Kirchhoff index and Laplace energy 
like invariant of the new join. Also we obtain some infinite family of new class of integral 
graphs. 

Key Words: Spectrum, cospectral graphs, Join of graphs, spanning tree, Kirchhoff index, 


Laplace-energy like invariant. 


AMS(2010): 05C50. 


§1. Introduction 


All graphs described in this paper are simple and undirected. Let G be a graph with vertex set 
V(G1) = {v1, v2,-+-Un}. The adjacency matrix of G, denoted by A(G) = (aij)nxn is ann xn 


symmetric matrix with 


1 if vu; and v; are adjacent 
a 0 otherwise 
Let d; be the degree of the vertex v; in G and D(G) = diag(di, dz,---d,) be the diagonal 
matrix of G. The Laplacian matrix is defined as L(G) = D(G) — A(G). The characteristic 
polynomial of A(G) is defined as fg(A: x) = det(xI,, — A), where I, is the identity matrix of 
order n. The roots of the characteristic equation of A(G) are called the eigenvalues of G. It is 
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denoted by A1(G) > A2(G) > ++: = An(G). It is called the A - Spectrum of G. The eigen values 
of L(G) is denoted by 0 = p1(G) < p2(G),--+ < un(G) and it is called the L - Spectrum of G. 
Since A(G) and L(G) are real and symmetric, their eigen values are all real numbers. A graph 
is A - integral, if the A - spectrum consists only of integers [4,14]. Two graphs are said to be 
A - Cospectral if they have the same A - spectrum. 


The characteristic polynomial and spectra of graphs help to investigate some properties of 
graphs such as energy [8,16], number of spanning trees [18, 9,1], the Kirchhoff index [2, 5, 11], 
Laplace energy like invariants [7] etc. 


The first result on Laplacian matrix, which was discovered by Kirchhoff, appeared in a 
paper published in the year 1847 is related to electrical network. There exists a vast literature 
that studies the Laplacian eigen values and their relationship with various properties of graphs 
[12,13]. Most of the studies of the Laplacian eigen values has naturally concentrated on external 
non trivial eigen values. Gutman et al. [16] discovered the connection between photoelectron 
spectra of standard hydrocarbons and the Laplacian eigen values of the underlying molecular 
graphs. 

In a recent paper Reji Kumar and Renny P. Varghese [18] introduced subdivision graph 
vertex join of two given graphs and studies its spectral properties. They also studied [19] the 
spectral properties of some classes of hypergraphs. 


In the next section we define DG - vertex join and DG - add vertex join of two graphs 
and discuss some important results, which are found essential to prove the results given in the 
subsequent sections. In the third section we find the A - spectrum and the L - spectrum of the 
new join and prove some related results. As an application, we find the number of spanning 
trees, Kirchhoff index and Laplacian - energy like invariant. Fourth section contains a discussion 


on some infinite family of integral graphs. 


§2. Preliminaries 


In a paper published in 1973 on duplicate graphs, which appeared in the Journal of Indian 
Mathematical Society, Sampathkumar [10] defined duplicate graphs. Let G be a graph with 
vertex set V(G) = {v1, V2,--+ , Un}. Take another set U = {u1,u2,--+ , Un}. Make u; adjacent to 
all the vertices in N(v;), the neighbourhood set of v,;, in G for each 7 and remove all edges of G. 
The resulting graph is called the duplication graph of G and is denoted by D(G). The following 
result tells us an easy way to find the determinant of a bigger matrix using the determinant of 


relatively smaller matrices. 


Proposition 2.1 Let M1, M2, M3, M4 be respectively p x p,p x q,qd x p,q x q matrix with My, 


and My, are invertible then 


M, Me 
M3 M4 


det 


I 


det(M,)det(M4 — M3M,* Mp2) 


= det(M4)det(M, — MzMy'Ms), 
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where M4 — M3M,' M2 and M, — M2M;z* M3 are called the Schur complements of M, and M4 
respectively. 


Let G be a graph on n vertices, with the adjacency matrix A. The characteristic matrix 
«I — A of A has determinant det(zI — A) = fg(A: x) £ 0, so is invertible. The A - coronal 
((6]), C.4(x) of G is defined to be the sum of the entries of the matrix (xJ — A)~!. This can be 
calculated as 
Ta(a) = 12 (aI — A)“1y. 


The A - coronal of some classes of graphs are given here. 


Lemma 2.2([6]) Let G be r - regular on n vertices. Then 


Ta(x) = — 





2—r 


Since for any graph G with n vertices, each row sum of the Laplacian matrix L(G) is equal 
to 0, we have T(x) = . 
x 


Lemma 2.3([6]) Let G be the bipartite graph Kp, where p+q=n. Then 


nx + 2pq 


T(z) > v2 — pq 


The following results on an n x n real matrix is useful in this context. 


Proposition 2.4([15]) Let A be ann xn real matrix, and Jsx+ denote the s x t matrix with 


all entries equal to one. Then 

det(A + aJn x n) = det(A) + alt adj(A)1”. 
Here a is a real number and adj(A) is the adjugate matria of A. 
Corollary2.5({15]) Let A be ann x n real matrix. Then 


det (aI, — A— Adnxn) = (1— aD a4(x)) det(al, — A). 


Next we proceed to define the DG - vertex join and the DG - advertex join of two graphs. 


Definition 2.6 Let G, be a graph on n, vertices and my, edges. Gz be an arbitrary graph on nz 
vertices The DG — vertex join of G, and G2 is denoted by Gy U G2 and is the graph obtained 
from D(G) and G2 by joining every vertex of V(G1) to every vertex of V(G2). Where D(G1) 
is the duplication graph of Gy. 


In Figure 1 an example of DG - vertex join of the graphs C4 and K is given. 
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Figure 1 C,U Ke 
Definition 2.7 The DG — addvertex join of G, and G2 is denoted by G1 ™ G2 and is the 


graph obtained from D(G1) and G2 by joining the additional vertices of D(G1) corresponding 
to the vertices of G, with every vertex of V(G2). 


In Figure 2 an example of DG - advertex join of the graphs Cy and Ke is given. 


ee ae 
CSc Is 
BAW, 


§3. Spectrum of G; LU G2 for Some Classes of Graphs G; and G2 


In this section we study the spectrum of DG - vertex join of some classes of graphs G'; and G2. 


We prove the following results in this connection. 


Theorem 3.1 Let G be an, - regular graph on n, vertices and m1 edges. Gz be an arbitrary 


graph on nz vertices. Then, the Characteristic polynomial of Gy U G2 is 


n2 ni 


fayug,(A: 2) = (a? — mala, () — 7) [] (@ — As(@2)) [] @? — (G1)”). 


1=2 1=2 
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Proof The adjacency matrix of G U G2 is 
Ay In, xne2 


0 
Ay On, On, xne2 
Ag 


A — 
Jing xn Onp xn 


where A; and Ag are the adjacency matrix of G; and G2 respectively and J is a matrix with 


each entries 1. 


—J 


The characteristic polynomial of G, LU G2 is 
LI ny —Ai 

= —Ay tIn, 0 

LIng —A2 





=F 0 


fa,uGs (A : x) 
= det(xI,, — Ag) det S, 
where 
tIn, —Ay etl eee xn2 
S = st (tla a Ag)7" —JIn, n1 0 
—Ay tle 0 ( ‘ 
= tlns —Ay Ta, (2) Inq xn 0 
-Ay aly 0 0 
= wl —Ta,(2)Inixny —Ay 
—Ay al 
Whence, 
A2 
det S = det(axI) det (cer- T4,(x)J — =) 
x 
A2 
-4) 
x 


x™ det (21 —Ty,(z) 
2 

al — al - Taa(e)J) 

(0) 


© 


= 9% act ( 


A2 
x” det (21 - =) (1 —Ta, (2) 
x 


Nyx 
yey 
ry 





r= 
x 





Notice that G) is r; - regular and the row sum of A? is r?. We get 


K.Reji Kumar and Renny P. Varghese 














58 
and 
A2 
det S = x™ det («1 — *)) (1 - eee (=) 
x x — rt 
Dayo: 
a det(x?I — A?) (- ry : nee ; 
x — rt 
Hence . Di 
det(aI — A) = (x? — maT 4,(x) — 7?) [[@ — Xi(G2)) [[@ — d;(Gi)?). 
i=2 


i=1 
Corollary 3.2 Let G, be an ry, - regular graph on n, vertices, Gg be r2 - regular graph on n2 


vertices. Then the A — Spectrum of Gy, U G2 consists of 


(2) Ai(G2) , fori = 2,3, ste yma; 
(it) +Ai(G1) , for i = 2,3,---,m; 
(iit) Three roots of the equation 





xv? — rox? (nine 4 r?)a | rere. 





Proof If G2 is re - regular then 




















ne 
Tr = ; 
Ag (x) ro 
We get 
det(xI — A) = (2° — rox? —(ning+r?)ae 4+ r?re) 
x [[(@ — A(G2)) [][@? - as(G1)”). 
i=2 i=2 


Corollary 3.3 Let G, be an r; - regular graph on n, vertices, A — Spectrum of Gy U K,, 


consists of 
(i) 0, repeats ng times; 
(it) +X; (G1) ; for i= 2,3, see yy 
(iit) 4\/ning +72. 


Corollary 3.4 Let Gi be an ry - regular graph on n, vertices. A — Spectrum of GU Kpgq 








consists of 
(i) 0, repeats p+q—2 times; 
(it) 4Ai(G1) , for i = 2,3,--- ,m; 
(iit) Four roots of the equation 





: i+niptmiq)a? — 2pqnix + ripq. 


2” — (pg +r 
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3.1 Laplacian Spectrum of G; lL! G2 for Some Classes of Graphs G; and G2 


Theorem 3.5 Let G; be anr, - regular graph on n, vertices and mj, edges. G2 be an arbitrary 


graph on nz vertices. then, 





foajua,(L:2) = x(x? — (nyt net 2ry)e 4+ 171 (2n1 + n2)) 
x [[@ —-nly— [i (G2)) [[@ _ (2ry + ng)x + nery + r? _ ri(G1)?). 
i=2 i=2 


Proof The Laplace adjacency matrix of G1 U G2 is 


(ritne)l —Ai eee 
L — —Ay ryt On, xn2 


“I ngXni1 On, xn, niqn, + Ly 
where Lz is the Laplacian adjacency matrix of G2 


The Laplacian characteristic polynomial of G; LI G2 is 


(a@—ri—ne2)In, Ai J 
feyuag,(L: 2) = Ai (x—-1r1)Iny 0 F 
J 0 (a—n1) Ing —La 


Using proposition 2.2 we get 


fayue,(L : x) = det((a — m1) In, — L2) det, 





where 
r—7T1 —n2)In A J 
G2 ( 1 2) 1 1 = ((x ea ni)In, ~— ae ( J 0 ) 
Aj (x _ T1)Iny 0 
a (a — 171 — ne) Ay 7 Pr,(t—m)Inixn, 0 
Aj (g=r1)f 0 e 
_ fr ne) -Tr,(@-—m)J At 
Ay (x — rf 
Therefore, 








A2 
det S = (a — 1r1)"'det (( ry—ng)l—-Ty,(a@—n)J 1 ; 
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By Corollary 2.7 





A2 
det S = (a—11)"'det ((c —1r1—n)I - — ) 


ee ae 





x (1-Tisle— mr a (@—T ~n)) 


2—Ty 








= det ((x—11 —n2)(z —11)I — A?) (1-Tisle- mr a2 (@—r1—m)). 


£—Ty 


2 2 
Ay Lm) 


























Since G is r; regular graph, the row sum of = is ae Therefore, 
ni(a@ — 11) 
T —1T- >, 
ese eerie M2) xu? — (2ry + ng)x + nory 
x(x? — (ny + ng 4+ 2ri)xz + 71(2n1 + n2)) 
1-T,,(a@-—7n,)I c-TT1 Nn SS Ss 
La( 1) Ay 1 2) (x — n1) (a? — (271 + ng)e + ner) 
Hence 
foa,ua,(L:2) = x(x? — (nyt net 2ry)2 +171 (2n1 + n2)) 
n2 n1 
x [[@ bal = [i (G2)) [I = (2ry + n2)x + nery + re — di(G1)?). 
i=2 i=2 


Let t(G) denote the number of spanning tree of the graph G, the total number of distinct 
spanning subgraphs of G that are trees. The number of spanning trees of the graph describe 
the network which is one of the natural characteristics of its reliability. If G is a connected 
graph with n vertices and the Laplacian spectrum 0 = ~i(G) < j2(G),--- <, fn(G) then ({17]) 


n 


Corollary 3.6 Let G; be an ry; - regular graph on n, vertices and Gz be an arbitrary graph on 
ng vertices. Then 


ry (2m + m2) []729(m1 + oi (G2)) []29 (77 + nari — A? (G1)) 
2ny + ng 


t(G, UG2) = 
Proof By Theorem 3.5 the roots of fe,ug,(LZ : x) are as follows: 


( 
(it) ny + pi(Go) for t = 2,3,--- , na; 

(iii) Two roots say x1 and x2 of the equation x? — (nz + ng 4+ 2ri)x +11(2n1 +72); 

(iv) Two roots say 21 and 22 of the equation x? — (271 + n2)x + neri +r? — Ai(G1)? for 


i= 2,3,--- no. 


For Case (iii), v1%2 = 71(2n; + ng), and for Case (iv), raaig = nari +7? — A(G1)?, 
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i = 2,3,---,n2. Then, we get that 


2 m™ ; M2 (p2 ~» 
(Gy LUG) = 722 + M2) Teams i (Ce) T(r + nari — Xi(Gi)) 














Another Laplacian spectrum based on graph invariant was defined by Liu and Liu [3] called 
the Laplacian - energy - like invariant. The Laplacian - energy - like invariant(LEL) of a graph 


G of n vertices is defined as 
n 


LEL(G) = 5) Jui 


1=2 


Corollary 3.7 Let G; be ani - regular graph on n, vertices and G2 be an arbitrary graph on 


ng vertices. Then Laplace - energy - like invariant 


£/2. «28 
LEL = (m +neg+2r, + 2/ri(2n1 +72) +0 (ni Hay)? 
1=2 
> 2ry tno+ rT? + ner, — i(Gi)? 
ra ak + ner, — Ai(Gi)? 
Proof Using Theorem 3.5 and Corollary 3.6 we have 


Jit +/%q = (a1 + XQ + 2,/B1 a2)!” 
1/2 
(ni + no + 2m @ni + ra)) 5 
1 1 tin + VRi2 
2./tiLi2 
- (= + 22+ vn)" 


l| 








8 
= 
8 
S 


Li1Li2 


1/2 
i 2r1 + ne + fal + ner, — di(G1)? 
= re + ner, — Ai(G1)? 














Hence the required result is obtained using the formula for LEL. 


Klein [5] propounder of resistance distance defined electric resistance in network corre- 
sponding to the considered graph as the resistance distance between any two adjacent nodes is 
1 ohm. The sum of the resistance distance between all pairs of the vertices of a graph is con- 
ceived as a new graph invariant. The electric resistance is calculated by means of the Kirchhoff 
laws called kirchhoff indez. 


Kirchhoff index of a connected graph G with n(n > 2) vertices is defined as 


ei 


Corollary 3.8 Let G, be an r, - regular graph on n, vertices. Gz be an arbitrary graph on ng 
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vertices. Then 

ny + ng + 2r 22 1 = 
ee OE EE, y ee te 
r1(2n1 + nz) ny + [i (Ge) 


1=2 i= 


2ry + no 


Kf(G, U Ge) = (2n, + Oa PAN We 
F( 1 2) (2n1 n2) 477 t+ neni — Ai(Gi)? 


Proof Using Theorem 3.5, Corollary 3.7 and the formula for Kirchhoff index we obtain the 


required result. 














3.2 Spectra of DG - add Vertex Graph of Some Classes of Graphs 


Next we discuss some spectral properties of the DG - add vertex graph of some classes of graphs. 


Proposition 3.9 Let Gy be an ry - regular graph on ny vertices and G2 be an arbitrary graph 


on nz vertices. Then Gy UG: and G, G2 are A - cospectral 


Proof Notice that the characteristic polynomials of GIG and G; ™ G2 are same. Hence 











we get the result. 





Proposition 3.10 Let G, be an ry - regular graph on ny vertices and G2 be an arbitrary graph 


on nz vertices then G1, Ll G2 and G1 ™ G2 are L - cospectral. 


§4. Infinite Families of Integral Graphs 


The following properties give a necessary and sufficient condition for DG - vertex join and DG 


- add vertex join of G and G2 to be integral. 


Proposition 4.1 Let G; ber; - regular graph on n, vertices and G2 be rg - regular graph on 


ng vertices. GiU G2 ( respectively G1 = G2 ) is an integral graph if and only if Gi and G2 are 





integral graphs and the roots of x° — r2x? (nine 4 r2)\a rerg are integers. 


In particular if Gg = K,, (totally disconnected) then rg = 0 then G; U G2 (respectively 





G ™ G2) is integral iff G; is an integral graph and n nz + 17 is a perfect square. 





Figure 3 K,U Ky with spectrum {—5, —1°, 04, 19,5} 
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Proposition 4.2 Let G; ber, - regular graph on ny. G1 U Kpq ( respectively G1 & Kpq ) is 


an integral graph if and only if Gy is an integral graph and the roots of «* — (pq +r? +nip+ 


n1q)x? — 2pqnix + ripq are integers. 
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Abstract: Molecular descriptor are major in the study of QSAR/QSPR. There are numer- 
ous importance of graph theory in the field of structural chemistry. In the present paper, we 
study the Gourava index of four operation on graphs. 


Key Words: Gourava index, Zagreb index, graph operations. 
AMS(2010): 5C05, 05C12. 


§1. Introduction 


Let 0? denotes the collection entire graphs. A mapping T : 0) > R is called a topological index, if 
for every graph H isomorphic to G, T(G) = T(H). In chemical graph theory, topological indices 
have several applications in isomer discrimination, QSAR/QSPR investigation, pharmaceutical 
drug design and many more [5]. There are few important class of topological indices that 
are extensively studied by a number of researchers. Out of these topological indices, the first 
and second Zagreb indices, first appeared in a topological structure for the total 7 -energy of 
conjugated molecules, were introduced by Gutman et.al., in [8]. 


The first and second Zagreb indices [3] of a molecular graph G are defined as 


M(G)= So (du) +d(v)]. 


uve E(G) 


and 


M(@)= S> [du)d(v)]. 


uve E(G) 


Motivated by the definitions of the Zagreb indices and their wide applications, V. R. Kulli 
[10], introduced the first Gourava index of a molecular graph as follows. 


The first Gourava index of a graph G is defined as 


GO\(G)= S© (du) +d(v) + d(u)d(v)]. 
uvE E(G) 


1Received May 18, 2018, Accepted November 28, 2018. 
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Figure 1: Graph G, H and G+rH 


The cartesian product is an important method to construct a ample graph and play vital 
role in the design and analysis the network. The cartesian product of two connected graphs G 
and H, which is denoted by GOH, is a graph such that the set of vertices is V(G)OV(H) and 
two vertices (pi, qi) and (po, q2) of GOA are adjacent if and only if p; = po and q is adjacent 






































with q2 in H otherwise q; = q2 and p, is adjacent with pz in G. Let G be a graph with vertex 
set V(G) and edge set E(G), there are four related graphs as follows: 

For any connected graph G, define four operator graphs S(G), T(G), Q(G) = T1(G) and 
R(G) = T2(G) as follows: 


e S(G) is the graph obtained by inserting an additional vertex in each edge of G, ie., 
replacing each edge of G by a path of length 2 ({1, 18]). 

e The total graph T(G) of a graph G is the graph whose vertex set V J E, with two vertices 
of T(G) being adjacent if and only if the corresponding elements of G are adjacent or incident 
({14]). 

e Q(G) is the graph obtained by inserting a new vertex into each edge of G, then joining 
with edges those pairs of new vertices on adjacent edges of G, by a new edge ((15]). 

e R(G) is the graph obtained by adding a new vertex corresponding to each edge of G, 
then joining each new vertex to the end vertices of the corresponding edge ([15]). 


Suppose that G and H are two connected graphs. M. Eliasi, B. Taeri [6] introduced four 
new operations named as F-sum graphs, on these graphs that are based on S$, 7>, 7), T as follows. 
Let F' be one of the symbols $, 75,7; or ,7. The F-sum denoted by G+ rH of graphs G 
and H, is a graph with the set of vertices V(G+r H) = (V(G)U E(G)) x V(#) and (pi, po) 


(q1,92) € E(G +r H), if and only if pp = pe € V(G) and qq. € E(A) or qm = qe and 


(pi, p2) € E(F(G)). 


The Gourava Index of Four Operations on Graphs 


Throughout this paper, we consider only simple, connected, finite and undirected graphs. 


For a graph G, the order and the size of graph are denoted as ng and eg respectively. 


chemically interesting graphs can be derived from some simpler graphs by operations on graphs. 


In mathematical chemistry, graph operations act as a very essential role, viz., as some 


In [4], H. Deng et al. computed the first and second Zagreb indices for graph operations 
S(G), R(G), Q(G) and T(G). Here, we extend this study by investigate the Gourava index of 
four operation on graphs. Investigators need to study more details on calculating topological 


indices of graph operations can be refer [2, 7, 9, 11, 12, 16, 17, 19]. 


§2. The Gourava Index of F-Sum of Graphs 


In this section, we discuss main results of Gourava index of F-sum of graphs. 


Theorem 2.1 Let G and H be two connected graphs. Then, 


GO,(G +; H) =nyGO1(G) + ngGOi (A) + ex Mi(G) + 2egMi(H) + 8nxeg + lee. 


GO,(G +, H) 


l 


Proof From the definition of Gourava index, 


» [dc+,H(P1,0) + de+, 4 (p2, 42) 
(p1,91)(p2,42)€E(G+sH) 


t+de+.H(p1,1)de+.H(p2; 92)] 
ye So [de+.n(P1, 1) + do+.n (Pr, a) 
pieV(G) a q2€E(A) 
t+de+,H(p1;1)de+,H(P1, 92)] 
+ SS oa [de+.H(P1,1) + de+,H(P1, 42) 
m1 €V (A) pip2€ E(S(G)) 
t+de+.H(p1,1)de+.H(P1; 92)] 
+t, (1) 


where J;, Iz are the sums of the above terms, in order. 


qi 


De Os 


picV(G) q1q2€E(A) 
+|de(p1) + da(q)lde(p1) + da (a2)I] 
[2da(p1) + di(q1) + du (q2) + dG (p1) + da(p1) [di (1) + da (q2)] 


De oe 


pie€V(G) 1 q2€E(A) 
+dy(q )dx(q2)] 


For vertex Vp; € V(G) and qig2 € E(H) we get 


[de(p1) + du(q1) + da(p1) + du (qa) 
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= S° [2ende(pi) + Mi(H) + exdé,(p1) + da(p1)Mi(H) + M(H) 
picV(G) 
= deneg + ngGO, (HA) + ex M1(G) + 2egMi (A). 


For edge Vpip2 € E(.S(G), where the vertex p; € V(G), po € V(S(G)) — V(G) and 
qa € V(A), since |E(S(G)| = 2|E(G)|, 


h= nD [ds(qy(p1) + du (a1) + dsc (p2) 
m1 €V (HA) pip2€E(S(G)) 


+[ds(cy(p1) + da (a1) ds (ay (p2)] 
= S> [GO,(S(G)) + 2eedu(q) + 2eadu(n)] 


meV (A) 
= nyGO;(S(G)) + 8exec 


We know that, M@,S(G) = Mi(G) + 4eg and M25(G) = M2(G) + 4eg. Therefore, 





GO;(S(G)) = GO;(G) +8eg and Ig =nyGO, (G) + 8npeqg + 8eHea. 


Substituting 1; and Jy in (1) we get required result 











GO(G +5 Hf) = nyGO,(G) + ngGO,(H) + en M,(G) + 2eqMi(H) + 8npeg + 1l2eHeq. 





Theorem 2.2 Let G and H be two connected graphs. Then, 


GO\V(G +T, Hf) = negGO;(H) + 5en M1 (G) + 3ecMi(H) + 2nngMy(G) + 2eqny M1(G) 


+l0enea+ny =) [da(ui)[l +de(ux)] + de(ux)[1 + de(u;)] 


uju;€E(G), 
uj URE E(G) 


+dg(u;)[de(ui) + de(u;)]] 





Proof Consider 


CO (@ TT H) = Me [de+n, H(P1, mn) + de+r, H(P2, q2) 
(p1,91)(p2,42)€E(G+r, H) 


+de+r, H(p1,N)da+r, u(p2; 92) 
= > S- [de+n, H(P1,%) + de+r, #(P1, 42) 
pi€V(G) 1 9q2€E(A) 


+de+r,H(P1,N)de+r, #(P1, 9) 


hy ye S- [do+e,H(P1,H) + dary, H(p2,%) 
m€V (A) pip2€ E(T1(G)) 





+da+n,H(P1,1)da+e, H(p2,%1))] - 


The edge set E(T,(G)) split in to E(S(G)) and E(L(G)). Let E(Ti(G)) = ai, V(G) = 8, 
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V(Ti(G)) — V(G) = 1. Then, 


GO\(G+nH#) = > S° [de+2, a (p11) + da+r, 1 (pi, %) 


pieEV(G) 1 q2€ F(A) 


+ det, H(P1,1)da+r, H(P1, %)| 


+ SoS [dasa a(pr,0) + dtr, x (p2, m1) 


q€V (A) pip2€o1, 
PigP, 





p2ey1 
+ de+r, H(P1, 1 )de+r, 1 (p2, %1)| 


+ SPY (dese, (p1,01) + de+n, 1 (p2,%) 


m€V(A) oe 
P1,Pp2E71 








+de+r,H(P1,N)de+r, #(p2;1)| 
= j++ Js, (2) 


where J,, Jo, J3 are the sums of the above terms, in order 


Live Se, SS [2dr,(ay(p1) + du (m1) + da (a2) 


pi€V(G) qiq2€E(A) 
+[dr, (cy (pi) + dit (a) [47, (ce (1) + dt (42)]] 
= 2 ye [24r,¢a)(P1) + di(q) + du(q2) + dra) (pi) + dr, (Gy (p1)dx (G2) 
pi€V(G) qiq2€E(A) 
+d (q1)di (q2) + dr, (ay (pi)dx (a1) 


7 SS [2e4da(p1) + GO1(H) + exde(p1) + da(p1)di(q2) + da(pi)da(m)] 
piEV(G) 


= noGO;(H) +enMi(G) + egMi(A) + 2en ec. 


Jg = s S [[dr.(G (p1) + 2dxx(1) + dr, (cy (p2)] 
gm €V (A) Pip2€a1, 
pPicP, 
p2ey1 


+[dp, (a) (pi) + ae (p2) + du(q1)]] 
= So YO [delps) + 2du(a) + ar, a) (P2)] 
gm €V (A) Pip2€a1, 
picB, 
p2ey1 
+[de(p1) + da(q1)][4r, (cy (p2) + du (a)]] 
= SY YO (deli) + 2da(q) + dr,(c)(p2) + da(pr)dr, (@ (p2) 
gm €V (A) Pip2€o1, 
picB, 
p2ey1 
+de(pi)du (a1) + diz (41) dr, (Gy (p2) + diz (m)] 
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= SY) SO [(delrr)[de(pr) + 2du (a) + de(pr)dn (1) + 4()]] 
m€V (A) pieV(G) 


+ SoS [dre (v2) + da(r1)dr, (v2) + da (a) dr (P2)] - 


gm €V (A) pip2€a1, 
pPicB, 
p2e7y1 


We observe that for pp € V(Ti(G)) — V(G), dr,(@)(p2) = da(wi) + dg(w;), where pz = 
ww; € E(G). Hence, 


Jg = ny M1(G) + 8enecg + 2e94Mi(G) + 2eg M(H) 
+> SS) [da(wi) + de(w;) + de (p1) [de (wi) + da(wy)| 


gm €V (A) wiw; €E(G) 
+ di(q) [de (wi) + da(w;)]] 
2nyM,1(G) + 8eHeg + 4exy M1(G) + 2eqMi(H) + 2egny M,(G). 





I 


B=! SS ye [[dry (ay (p1) + dry (a) (P2)] + [dry (ay (P1) dr, (a (P2)]] 


gm €V (A) Pip2€O1,p1,p2E71 


= ne S_  [[de(ui) + de(uj) +de(uj) + de(ux)] 
uju;E€E(G), 
uj up €E(G) 


+|da(ui) + de(u;)|[de(u;) + de (ur)]] 
= ne >) [de(u)[1 + de(us)] + de(ux)[l + de(us)] + de(uj)[de (us) + de(u;)]] 


uju;€E(G), 
uj ur €E(G) 











Adding Ji, Jo, J3 in (2) we get desired result. 





Theorem 2.3 Let G and H be two connected graphs. Then, 


GOVW(G +T, Hf) = 4nyGO,(G) + GO;(H) + 8eHMi(G) + 5eg M(H) + 6nyM1(G) 
+4n 7 Mo(G) + 24eneg + 4nHeEG 


Proof We know that, 


GO1(G +7, H) 


[de+r,H (pi, 41) + da+n, H(P2, 4) 
(p1,91)(p2,42)€E(G+r7, H) 


+de+r,H(P1,1)de+7,H(P1; 9) 


= So [deta (p10) + de+r, x (pi, a) 
pi€V(G) mq2€E(H) 
+da+r,H(P1,1)de+7,H(P1; 9) 

Ss ys [do+r, (P10) + de+r, Hu (P2, 01) 


ga €V(A) pipe€ E(T1(G)) 


+de+n,H(P1,1)da+r, #(p2; 1)] 


4- 
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= iy + Ko, (3) 
where K, and K, are the sums of the above terms, in order 


K= SS [2dry(@) (Pp) + dr (1) + di (Q2) 
pi€EV(G) qiq2€E(A) 


+d, (Gy (p1) + dra) (p1) [det (a1) + det (Q2)] + dii(41)dn (a2)| 
= »& S° [Adie (p1) + dir (q1) + dr (2) 

picV(G) 1926 F(A) 

+4d2(p1) + 2diay(p1) [dit (G1) + da (q2)| + dit (1) dz (q2)] 


= S- [4endc(p1) + GO,(H) + 4eyd2:(p1) + 2da(p1)Mi(H)| 
piEV(G) 


= 8eyeqg + GO)(H) + 4eyMi(G) + 4egMi(H) (3a) 


for edge Vpip2 € E(T2(G)) and vertex q, € V(H). Here we denote E(T2(G)) = a2, V(G) = 8, 
V(Ta(G)) — V(G) = 12- 


Kg = ye S- [da+r,H(P1, ga) + det, H(P2, qu) 
gm €V(A) pipe€ E(T2(G)) 


+da+7,H(p1, 1 )de+z, H(P2,)] 


+ 5 SS [detn,H (P11) + dat+n, (p21) + darn, 1 (pi, )de+r, u(p2,1)| 
q€V (A) pip2€a2, 
pice, 
p2ey2 


= K3+K4 (3b). 
for Vai € V(#) and edge pip2 € E(T2(G)) if and only if pips € E(G). 


ky = YS SS [4c ry¢0)H (Pts dh) + datnycoytt (P2+) 
ga €V (A) pipe€E(G) 


+dG+2,(@)H(P1,1)de+z,¢q)H (Pa, a)| 
= ye S- [dr,(G)(p1) + du (a1) + dr,(G)(p2) + du (a1) 
q1€V(H) pip2€E(G) 
+[dr,(¢)(p1) + dir(a) | (dr, (c@) (p2) + dix(1)] 
= S- S- [2de(p1) + 2dy(q) + 2de(p2) + 4da(p1)da(p2) 


m1 €V(H) pip2€ E(G) 
+2dq(pi)d (q1) + 2d (q1)da(p2) + diz (a1) 
= 4AnyGO;(G) + 4eqM1(G) + egMi (A) + 4ng Mo(G) + 4enec. 


Since we have dp,(g)(p1) = 2dg(P1) for each vertex py € V(G) and dp, (p2) = 2 for each 
vertex po € V(T2(G)) — V(G), 
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Ks = So) YO [drey(r1) + du (m1) + dry (P2) 
gm €V(H) Pip2€a2, 
pgp, 
p2€72 
+d, (G)(p1) + dit (a1) |d74(e (p2)] 
= Se S- [dr,(G)(p1) + du(q1) + d7,(G) (2) 
ga €V(H) Pip2€o2, 
pi€P, 
p2€72 
+dp,(c)(p1)d7_(G)(p2) + du (1) d7,(@ (p2)] 


= S- yl (6de(p1) + 3d (qi) + 2] 


qi€V (A) pip2€a2, 
pi€P, 
p2€72 


= So SO de(pr) [6de(p1) + 8d (1) + 2 
m1 €V(H) p€eV(G) 
= 6nyqM,1(G) + l2ecey + 4nHeEG. 
Adding K3 and K,4 and substitute in (3b) we get 
4npyGO, (G) + 1l6eyeq + 6n4M,(G) + den M,(G) + egMi(H) + An M2(G) + 4npeq. (3c) 


Substitute (3a) and (3c) in (3) we get desired results. 


GO\(G+n,H) = 4ngGO,(G) + GO\(H) + 8exM;(G) + 5egMy(H) + 6nxMi(G) 
+4n 7 Mo(G) + 24eneqg + 4nyeag. 














This completes the proof. 


Theorem 2.4 Let G and H be two connected graphs. Then, 


GO\V(G +T Hf) = 4nyGO,(G) +ngGO, (H) + 12e4 M1 (G) + 6egMi(H) 
+2n4M1(G) + egMo(A) + 8egMi(G) + 20eHeG 


+nu > [da(qi) + 2da(q;) + daar) 
145 L(G), 
45 Ik € B(G) 


+|da(a) + de (qj) [de (a3) + de(ae) I] 





Proof Let 


GO\(G+rH) = >» [de+ru(P1,%) + de+rH (2, 92) 
(p1,91)(p2,.42)€E(G+rH) 


t+de+ru(p1,0)de+rH (P2; q2)] 
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= > S° de+ru(pi,1) + da+rn(p1,@) 
pieV(G) n@eE(H) 


t+de+ru (pi, n)de+pH(p1, 42)] 
+ SS SS) [det ru(P1, 0) + do+rn (pe, %) 
m€V(A) pip2€E(T(G)) 


t+de+ru (pi, %1)de+rH (p2,%)] - 
Note that E(T(G)) = E(G) UE(S(G))U E(L(G)). We get that 


GO\(G+r H) 


So S0 [de+ru(pi.n) + da+rH (P19) + dotru (pi, n)de+rH (Pr, @)] 
picV(G) q1q2€E(A) 


+» S- [de+ru(pi,n) + de+ra(p2, 0) + de+ru (pi, n)de+rH (p2, 1) 


a €V(A) (pip2)EE(T(G)), 
(p1,p2)€V(G) 


S° [de+ru(p1,4) + detru(pe,n) + de+ru(p1, n)de+ru (p2, 1)] 
n€V (A) (pip2)€as, 


picB, 
p2€73 


+» So [de+ru(P1.H) + dotpu(p2,n) + de+ru (Pi, n)de+rH (p2,)] 


m1€V(H) (pip2)eas, 
(p1,p2)E%3 


=11+L19+L3+ La, (4) 








where Ly, L2, £3, L4 are the sums of the above terms, in order 


Ly = So SE [2dr(ey(p1) + der (q1) + dir (42) 
pi€V(G) qiq2€ E(A) 


+ [dria (p1) + da (m)| [are (p1) da (@2)]] 


= SFM [dee(pr) + dar (a1) + dir (a2) + 4G (1) + 2d (01) dr ()] 
pieV(G) nq2€E(H) 


+2de(p1)di (42) + da(q1)du (q2) 
= noGO;(A) + 4e47Mi(G) + 4e¢Mi (A) + 8ecex. 


Ip = > S- [dra (p1) + 2d (M1) + dra) (p2) 


gEV (A) pip2€a3,p1,p2€8 
+[dr(q@)(p1) + da (m)| [dre (p2) du (a1)]] 


= DF Dd Paa(pr) + 2de (pe) + 2di(q1) + dir(qu) + 2de(p2) du (a1) 
m€V (A) pip2€E(G) 


+4de(p1)da(p2) + 2de(p1)dx (41) 
= 2nHGO;(G) + den M,(G) + egMo2(H) + 2n4 M2(G) + 4deger. 
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Ls = DS) do [drey(1) + dr(@y(p2) + 2dn() 
q€V (A) pip2€as, 
pi€B, 
p2ey73 
+[dr(ay(p1) + da(a)][4r(e@) (P2) de (21)]] 
- oe > [de (p1)2de(p1) + dix(q1) + dix(qu) + de (p1)dir(q1) + diz (a1)] 
m€V (A) (piEV(G) 


+ S> So [dre (p2) + 2de(pi)dr(@y (p2) + du (n)dr(a@)(P2)) - 


qi€V (A) pip2€as, 
pcp, 
p2E73 


Note that pg € V(T(G)) — V(G), dria) (p2) = de(p) + de(q) where pz = pg € E(G), we 
further get that 


L3 = 2nxgMi(G) + 4e97Mi(G) + 2egMi (HA) + 8enec 
+ So SO (dal) + de(q)) + 2de(p1)(de(p) + da(q)) + dir(a1) (de (p) + de(q))] 


méeV(A) 11€8, 
p2€73 


= 2ng My(G) + 4en M,(G) + 2eqMi(H) + 2n4M,(G) + 8egM1(G) + den M1(G) 
= 4n py M1(G) + 4en M,(G) + 8egMi(G) + 2egMi(H) + 8eHeG. 








Ig = ye S> [de+rH(P1,%) + de+rH (2,0) + de+ra (pi, n)de+rH(p2, H)| 
nm €V (A) (pi,p2)€y3 


= > +; (dra) (p1) + dr(ay(p2) + dria) (p1)dr(a) (p2)] 


V(H) Pi; 
nev ( ) ps €y3 


= nH om [(da(ai) + da(aj)) + (dalaz) + da(ae)) 
gidj €E(G), 459k €E(G) 
+[de(a) + da (a )|[de (aj) + de (ae))]) 











Adding Ly, Lz, £3, L4 in (4) we get required result. 





§3. Conclusion 


In this paper, we obtain explicit expression for the Gourava index of four operation on graphs 
in terms of first Zagreb and second Zagreb index. 
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Abstract: Since the year 2000 a number of authors have studied strongly multiplicative 
graphs. In this vein we introduce the concept of strongly k-multiplicative graph and prove 


that certain class of graphs such as paths, binary tree, cycle etc. are strongly 2-multiplicative. 


Key Words: Strongly 2-multiplicative, graph labelling, paths, star, fan graph, binary tree, 


comb graph, triangular snake, ladder. 
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§1. Introduction 


A graph G consists of a nonempty set V = V(G) of points called vertices and another set 
E = E(G) whose elements are called edges where each edge is identified with an unordered pair 
of vertices in V. Each pair e = (u,v) in EF of points of V is an edge of G and is said to be 
incident with u and v. In this case u and v are said to be adjacent to each other. The number 
of vertices in G is called the order of G. 


We begin with some basic definitions and notations [7], [12], [6]. 


Definition 1.1 A walk of a graph G is a finite, alternative sequence of vertices and edges 
U05 €1; U1; €2; V2,°°* ;Un—1;Cn, Un, beginning with vo and ending with vp, such that each edge e; is 
incident with v;-1 and vu;. The number of edges is called the length of the walk. A walk is called 
a path if all its vertices (and thus necessarily all the edges) are distinct. A path on n vertices 
is denoted by Py. 


Definition 1.2 A walk in a graph is closed if its initial and terminal vertices are identical. A 
closed walk is called a cycle. A cycle on n(> 3) vertices is denoted by Cy. 


Definition 1.3. A graph G is said to be complete if every pair of its distinct vertices are 
adjacent. A complete graph on n vertices is denoted by Ky. 


Definition 1.4 A bigraph or bipartite graph is a graph whose vertex set V(G) can be partitioned 
into two subsets V,; and V2 such that every edge of G joins a vertex of Vi with a vertex of V2. 
(Vi, V2) is a bipartition of G. 


1Received April 13, 2018, Accepted November 30, 2018. 


78 D.D.Somashekara, C.R.Veena and H. E. Ravi 


A complete bipartite graph is a bipartite graph with bipartition (Vi,V2) such that every 
vertex of Vi joined to all the vertices of V2. If Vi contains m points and V2 contains n points 


then the complete bipartite graph is denoted by Km». A star Ky,» is a complete bipartite graph. 
Definition 1.5 A graph is acyclic if it has no cycles. A tree is a connected acyclic graph. 
Definition 1.6 The wheel W,,(n > 4) is the graph obtained from the join of Ky, and Cy_1. 
Definition 1.7 A fan F,,(n > 2) is the graph obtained from the join of the path P, and Ky. 


Definition 1.8 A ladder L,, is a graph with vertex set V(Ln) = {v; : 1 <4 < 2n} and edge set 
E(Ly) = {vaveite, vai-1vagi1 i 1 <i<n—-1}U {vg-1v4:1<i< nb}. 


Definition 1.9 A triangular ladder is a graph T,,, whose vertex set is V(T,) = {uj: 1 <i < 2n} 
and whose edge set is E(T,) = E(Ln) U{varvai41 2 1 <i<n- 1}. 


Definition 1.10 A complete n-ary tree is a tree in which every internal vertex is of degree 
n-+1, the root vertex is of degree n and the pendent vertices are of degree 1 and have the same 
depth. 


Definition 1.11 A chord of a cycle Cy is an edge joining two non-adjacent vertices of the cycle 
Ch. 


Definition 1.12 The graph obtained by joining a single pendent edge to each vertex of a path 


is called a comb. 


Definition 1.13 Duplication of a verter v by a new edge e = uw in a graph G produces a new 
graph G such that N(u) = {v,w} and N(w) = {u,v}. 


Definition 1.14 Duplication of an edge e = uv by a new vertex w in a graph G produces a 
new graph G such that N(w) = {u, v}. 


Definition 1.15 A triangular snake is a graph obtained from the duplication of each edge of a 


path by a new vertex. 


Definition 1.16 The windmill graph K?",(n > 3) consists of m copies of Ky with a vertex in 


common. 


Consider a graph G of order n. Let P; and P2 be two paths in G with the same vertex 
set V. Then we say that P; and P are path homotopic with respect to V. We denote this by 
P, ~v P,. One can easily prove that this relation is an equivalence relation. Let P be the path 
homotopy class consisting of those paths which are path homotopic to the path P with a given 
vertex set and let A denote the set of all distinct path homotopy classes in G. 


Definition 1.17 A graph G of order n is said to be strongly k-multiplicative if there is an 


injective mapping f : V(G) — {1,2,---,n} such that the induced mapping h : A — Z* 
k+1 

defined by h(P) = Il f(vj;), where ji, ja,°-- , desi € {1,2,---,n}, k+1< n and P is the path 
i=1 
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homotopy class of paths having the vertex set {Vj,,Vjz.°** 5 Ujn4,}, 18 injective. 


In particular, if k=2 we call G, strongly 2- multiplicative and if k=1, then we call G, 
strongly 1- multiplicative or simply strongly multiplicative. 

In 2001, L. W. Beineke and S. M. Hegde [5] have introduced the concept of strongly 
multiplicative graphs. Since then many authors including C. Adiga, H. N. Ramaswamy and D. 
D. Somashekara [2],[3], [4], M. A. Seoud and A. Zid [9], B. D. Acharya, Germina and Ajitha [1], 
S. K. Vaidya and K. K. Kanani [10], [11] and M. Muthusamy, K. C. Raajasekar and J. Basker 
Babujee [8] have also studied and contributed to the concept of strongly multiplicative graphs. 
For more details one may refer the survey article “A dynamic survey of graph labeling’ by J. 
A. Gallian [6]. 


In the next section we prove our main results. 


§2. Main Results 


We first note that for a graph to be strongly 2-multiplicative, it has to have at least 3 vertices. 


Theorem 2.1 The path P,, is strongly 2-multiplicative. 


Proof Consider a path P,, of length n — 1. We label the vertices as follows: v; = i for all 
i. Then A consists of n— 2 distinct path homotopy classes P1,P2,P3,--: ,Pn—2, where P; 
is the path homotopy class of paths having the vertex set {v;, Ui41, Vide}, for 1 <i <n-2. 
Then h(P;)=(2)(i + 1)(¢4 2), for 1 <i< n—2. Since i(¢+1)(@4+ 2) < (@4+1)(¢+ 2)(¢4 3), for 
1<i<n-— 3, it follows that h(P;) < h(Pi41), for 1 <i<n-—8. Hence h is injective and P, 


is strongly 2-multiplicative. 














Theorem 2.2 Every cycle Cy, is strongly 2-multiplicative. 


Proof Consider a cycle C,=(v1,v2,U3,°+* Un, U1) of order n and let p be the largest 
prime less than n. We label the vertices as follows: vj=i, for 1 <i < p—1, v; =i+1, for 
p<ic<n-—landv, = p. If n = 3, then A consists of only one path homotopy class and 
is trivially strongly 2-multiplicative. If n > 3 , then A consists of n distinct path homotopy 
classes P1,P2,P3,--: ,Pn, where P; is the path homotopy classes of paths having the vertex sets 
{u;, vi41, Vita}, for 1 <i<n-—2, P,_1 is the path homotopy class of paths having the vertex 
set {Un—1, Un, vi} and P,, is the path homotopy class of paths having the vertex set {vn, v1, v2}. 
Then h(P;) = (t)(¢@+ 1) 4+ 2), for 1 <i < p—3, h(Pp_2) = (p— 2)(p— 1) (p+ 1), A(Pp-1) = 
(p- 1) (P+ 1)(p + 2), APs) = (E+ (E+ (E+ 3), for p< i <n—3, A(Pn-2) = (n— 1(n)(p) 
or h(Pn—2) = (n — 2)(n)(p), if p is the immediate predecessor of n, h(Pn—-1) = n-p-1 and 
h(Pn) =p-1-2. Then from the definition of h it follows that h(P;) < h(Pizi), 1\<i<n-3 
and h(Pn) < R(Pn—1) < h(Pn—2), also h(P;) 4 h(P;), n-2< 7 <nandl<i<n-3. 
Since h(P;) is divisible by p, where as h(P;) is not, h is injective and the graph C;, is strongly 














2-multiplicative. 





Theorem 2.3 Every cycle with one chord is strongly 2-multiplicative. 
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Proof First, consider a cycle C4 with vertices v1, v2, v3, v4. Let the chord be e = vi v3. We 








label the vertices as follows: v1 = 1, vo = 4, v3 = 2 and v4 = 3. Then A consists of 4 distinct 
path homotopy classes P), P2,?3 and P4, corresponding to the path homotopy classes of paths 
having the vertex sets {v1, v2, us}, {v2,u3, v4}, {v3, va, v1} and {v4, v1, vo} respectively. Then 
h(P1) = 8, h(P2) = 24, h(P3) = 6, h(P4) = 12. Clearly h is injective and Cy with one chord is 
strongly 2-multiplicative. 

Second, consider a cycle C5 with vertices v1, v2,v3,U4,Us. Let the chord be e = v,v3. 
We label the vertices as follows: vy = 1, ve = 4, v3 = 2, v4 = 5 and vs = 3. Then A 
consists of 7 distinct path homotopy classes P1,P2,P3, P4,Ps5,P6 and P7, corresponding to 
path homotopy classes of paths having the vertex sets {v1, v2, v3}, {v2,u3, v4}, {v3, v4, us}, 
{vu4,u5, U1}, {Us, U1, vo}, {v5, v1, 03} and {v4, v3, v1} respectively. Then h(P1)=8, h(P2) = 40, 
h(P3) = 30, h(Ps) = 15, h(P5) = 12, h(Pe) = 6 and h(P7) = 10. Clearly h is injective and C; 
with one chord is strongly 2-multiplicative. 

Finally, let n > 5. Consider a cycle C;, = (v1, v2, U3,°+* ,Un, V1) of order n and let p; and 
pz be the two consecutive primes such that 0 < po < p, < n and that p, is the largest. Let 
€ = U1Up, be the chord of the cycle C,. We label the vertices as follows: v; = 7, for 1 <i < p,—1, 
uv; = i+, for py <i <n—land v,=pi. Then A consists of n+4 (n+2, in case n = 6 and n = 7) 
distinct path homotopy classes P1,P2,P3,--: ,Pn, Pn+1,; Pn+2, Pn+3, Pn+4, where P; is the 
path homotopy class of paths having the vertex sets {v;, vi41, vit2}, for 1 <i <n—2 and P,-1, 
Pry Pnt+is Pn+2, Pn+3 and Pn+4 are the path homotopy classes of paths having the vertex 
set {Un—1, Un, U1}, {Uns U1, V2}, {Un U1; Ups}, {Upot1, Ups, Vit, {v2, U1, Ups} and {vp,—1, Up, v1} 
respectively. Then h(P;)=(i)(i+1)(¢+2), for 1 <i < p1—3, h(Pp,~2) = (p1 —2)(p1-1)(p1 +1), 
A(Pp,-1) = (pr — 1)(p1 +: 1)(p1 + 2), ACP) = G+ 1G + 2) 4 3), for pr < 7 < n-3, 
h(Pn—2) = (n — 1)(n)(p1) or h(Pn—2) = (n — 2)(n)(pi), if pi is the immediate predecessor 
of n, h(Pn—1)=n.pi-1, h(Pn)=pi-1.2, h(Pn4i)=pi-l.pe, h(Pni2)=(p2 + 1).pe-1 h(Pni3)=2-1-p2 
and h(Pn+4)=(p2 — 1).p2.1. Then from the definition of h it follows that h(P;)<h(Pi41), for 
1<i<p2—3 and po +1<i<n—3 and h(P,)<R(Pn—1)< h(Pn—2), also h(Pi)F h(P;), 1<i<po—3, 
po t+1<i<n—3 and n—2<j<n. Since h(P;) is divisible by pi, where as h(P;) is not. h(Pn+3) < 
R(Pn+a) < R(Pn+a) < R(Pn+i) < h(Pp,-2) < h(Pp.-1) < h(Pp,) and these are not equal to 
h(P;) and h(P;), where 1<i<p2 — 3, pp + 1<i<n-— 3 and n — 2<j<n, since these are divisible 
by p2 whereas h(P;) and h(P;) are not. Hence h is injective and C,,,n > 5 with one chord is 











strongly 2-multiplicative. 





Remark 2.4 (1) In general, a cycle C,=(v1, v2, U3,-++ , Un, U1) with one chord joining any two 
non adjacent vertices, can be shown to be strongly 2-multiplicative. 


(2) A cycle with twin chords can be shown to be strongly 2-multiplicative. 


Theorem 2.5 The graph obtained by duplication of an arbitrary vertex of a cycle by a new 
edge is strongly 2-multiplicative. 


Proof Consider a cycle C,=(v1, V2, U3,°+* ,Un,U1). We duplicate the vertex v,, by an edge 
e with end vertices vj41 and vnz+2. Let the graph so obtained be G. Then | V(G) |= n+ 2 
and | E(G) |= n+ 3. Let p be the largest prime less than n. We label the vertices as 
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follows: v;=i, for 1 <i<p—1landforn<i<n+2,u; =i+1, forp<i<n-—1J1 and 
Un = p. If n = 3, then A consists of 6 distinct path homotopy classes P),P2,P3,P4, Ps and 
Pe, corresponding to the path homotopy classes of paths having the vertex sets {v1, v2, vs}, 
{vu3, v4, U5}, {v2, U3, vs}, {v2, v3, U5}, {v1, v3, va} and {v1, v3, us} respectively. Then h(P1) = 6, 
h(P2) = 40, h(P3) = 24, h(P1) = 30, h(Ps) = 8, h(Pa) = 10. If n > 3, then A consists of n +5 
distinct path homotopy classes P1,P2,P3,.--;Pn, Pnti, Pn+2; Pn+3, Pn+4; Pn+s, where P; is 
the path homotopy class of paths having the vertex sets {v;, vi41, Vi-e}, for 1<i<n-—2 and 
Pn—1; Pn, Pn+1; Pnt+2; Pn+3; Pn+a and Pn+5 are the path homotopy classes of paths having 
the vertex sets {Un—1,Un, Ui}, {Un, U1, 02}, {Un, Unti, Unt2}, {Un41,Un;Un—1}, {Un41, Un, U1}, 
{Un42; Un, Un—1} and {vn+2, Un, Vi} respectively. Then h(P;) = (2)(¢+1)(i+2), for 1 <i < p—3, 
h(Pp-2) = (p-2)(p— 1)(p + 1), h(Pp-1) = (P— + p+ 2), ACPA) = G+ ING + DE+3), 
for pp <i<n-—3, h(Py_2) = (n—1)(n)(p) or h(Pn—2) = (n — 2)(n)(p), if p is the immediate 
predecessor of n, h(Pn-1) = n-p-1, A(Pn) = p-1- 2, R(Pn4i) = p- (n+ 1): (n+ 2), 
h(Pn42) =n-p: (n+), h(Pnas) = (n +1): pel, h(Paga) = (n+ 2)-p-n and h(Pnis) = 
(n+ 2)-p-1. Then from the definition of h it follows that h(P;) < h(Pi41), 1 <i<n-3 
and h(Pr) < h(Pn-1) < h(Pn+3) < h(Pr+s) < h(Pn—2) < h(Pn+2) < h(Pn+a) < h(Pn+1) and 
these not equal to h(P;,) where 1 < k < n— 3, since these are divisible by p whereas h(Px) 





is not. Hence h is injective and the graph obtained by duplication of an arbitrary vertex of a 














cycle by a new edge is strongly 2-multiplicative. 


Remark 2.6 If we duplicate an edge in a cycle of an order n by a new vertex, then we obtain 
a cycle of order n+ 1 with one chord. Hence by Theorem 2.3 the graph obtained by duplication 
of an arbitrary edge of cycle by a new vertex is strongly 2-multiplicative. 


Theorem 2.7 The comb graph is strongly 2-multiplicative 


Proof Consider the comb graph G of order 2n(n > 2) with vertex set G = {v1, v2, U3,-+++ , Van} 
as shown below. 


v2 V4 v6 Us V2n—2 V2n-1 
UL U3 U5 U7 V2n-3 Van 
Figure 1 


Then A consists of 3n—4 distinct path homotopy classes P2; 1,2141,21+3, P2i-1,21,2i41, P2i—1,2641,2142, 





corresponding to path homotopy classes of paths having vertex sets {v2;-1, Vaiti, Vaie3}, {Vei—1, Vai, Vai41} 
and {v2i-1, V2i41, V2i+2} respectively, for 1 < i < n—2 and path homotopy classes P2n—3,2n—2,2n-1; 
Pan—3,2n—1,2n corresponding to path homotopy classes of paths having the vertex sets {van—3, Von—2, Van—1} 
and {ven—3, Van—1; Van} respectively. We label the vertices as follows: v; = i, for all 7. Then 

R(Pigk) = t-g-k. Since (22 — 1)- (2%)- (284+ 1) < (22-1)- (284-1): (Qi 4+ 2) < (2i-1)- 
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(2¢ +1) - (26 +.3), (2¢—1)- (26 4+1)- (264-3) < (264+1)- (26+ 2)- (244-3), forl <i<n-2 
and (2i — 1) - (22) - (2+ 1) < (22-1): (22+ 1)- (214+ 2) for i = n—1, it follows that 
h(P1,2,3) < R(P1,3,4) < +++ < h(Pen—3,2n-1,2n). Therefore h is injective and the comb graph is 
strongly 2-multiplicative. 














Theorem 2.8 The triangular snake graph is strongly 2-multiplicative. 


Proof Consider the triangular snake graph T,,(n > 2) with vertex set V(T,,) = {v1, v2, vs, 


, V2n—1} as shown below. 


V2n-—2 


AMA... A 


V2n—3 V2n—1 


Figure 2 


Then A consists of 5n — 9 distinct path homotopy classes 


P2i-1,21,2141, P2i—1,2141,21425 P2i—1,2641,21435 P2i,2i41,2142, P2i,2141,2143 





corresponding to path homotopy classes of paths having vertex sets 


{U2i—1, V2i, Visi}, {U2i—1, V2i41, V2i+2}, {U2i—-1, V2i41, V2ai+3}, {U2i, V2i41, V2i+2} 
and {v2i, V2i+1, V2it3} respectively, for 1 <7 <n—2 and path homotopy classes P2n—3,2n—2,2n—1 
corresponding to path homotopy class of paths having the vertex set {van—3, V2n—2, V2an—-1}. We 
label the vertices as follows: v; = 1, for alli. Then h(Pi,;,~) = i-j-k. Since (2i—1)-(27)-(22+1) < 
(2i—1)-(2¢+1)-(2i+2) < (2i—1)-(2¢4+1)- (2143) < (2¢)-(2¢+1)-(2i1+2) < (2i)-(2i+1)-(27+3), 
(2i)-(2i+1)-(22+3) < (214+1)-(2i+2)-(22+3), for 1 <i < n—2 and (2n—3)-(2n—1)-(2n—4) < 
(2n _ 3) : (2n _ 2) : (2n _ 1) it follows that h(P1,2,3) < h(P1,3,4) ZO nte S h(Pan—3,2n—2,2n—1)+ 
Therefore h is injective and the triangular snake graph is strongly 2-multiplicative. 

















Theorem 2.9 The ladder graph Ly is strongly 2-multiplicative. 


Proof Consider the ladder graph L,, with vertex set V(Ln) = {v1, v2, U3,++* , Van} as shown 
below. 


V2n—-2 


=_aaee 


V2n-3 VIn—1 


Figure 3 


Then A consists of 6n — 8 distinct path homotopy classes 
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P2i,2i-1,214+1, P2i-1,21,2142, P2i—1,2141,2142, P2i—1,2141,2143, P2i,2i+2,2144, P2i,2i+2,2i41, 


corresponding to path homotopy classes of paths having vertex sets {v2;, Vai-1, V2i41}, {vai-1, 





Vai, V2i42}, {V2i—1, V2ai41, V2i+2}, {V2i-1, V2ai41, V2i+3}, {Voi V2i42, V2i+4} and {Voi V2i42, V2} 
respectively, for 1 < 7 < m— 2 and path homotopy classes Pon—2,2n-3,2n-1, P2n—3,2n—2,2n; 





Pon-3,2n—1,2n; P2n—2,2n,2n—1 Corresponding to path homotopy classes of paths having the ver- 
tex sets {van—2, Van—3, V2n—-1}, {Ven—3, Van—2; Von}, {Ven—3, Van—1; Van} and {ven—2, Von; Von—1} 
respectively. We label the vertices as follows: v;=7, for all i. Then h(Pij4) =1-j-k. Since 
(2i)-(2¢—1)- (26+) < (2é—1)-(22)-(2+2) < (2i-1)-(24-41)- (26-42) < (2i—-1)-(26+1)-(24+3) < 
(2i) - (2i+2)-(26+1) < (24) (264+2)- (26 +4), (24) -(2i4+2)- (2644) < (2i+2)-(2E+1)- (2143), 
for 1 <i <n—2 and (2%)-(2i—1)- (28 +1) < (2i—1)- (21) (264.2) < (21-1) (28 +1) - (2+2) < 
(27) -(2i+2)-(2i+1) for i = n—1 it follows that h(P2,1,3) < h(P1,2,4) Sree h(P2n—2,2n,2n—1)- 
Therefore h is injective and the graph L,, is strongly 2-multiplicative. 























Theorem 2.10 The binary tree is strongly 2-multiplicative. 


Proof Consider the binary tree G consisting of 2"t! — 1 vertices with n levels. We label 
the vertices, using breadth-first search method as follows v; = 7, for 1<i< 2”+1 _ 1 as shown 
in the figure. 


U1 





U8 vg  V10 V11 U12 V13°°«Ui14 V15 


Figure 4 


Ifn = 1 then the tree becomes a path with 3 vertices and is trivially strongly 2-multiplicative. 
So, let n > 1. Then for each m, consisting of the edges of level m — 1 and of the level m, 
1<m<n-—l, there are 5.2”~? distinct path homotopy classes consisting of 2”~? bunches of 
5 path homotopy classes Pm 1, Pm,r,2; Pm,r,3; Pm,r,4; Pm,r,5 Corresponding to path homotopy 
classes of paths having vertex sets 


{Ugm-24r—15 U2(Q2m-247—1)> V2Q(2m-24r—1)41}> {Ugm-24r—15 U2Q(2m-247—-1)> V4(gm—24r—1) fs 








{U2m-24r—15 U2Q(2m-247—1)> V4(2m—2-4r—1)41}5 {Ugm-24r—1) U2Q(2m-247r—1)41> Va(am—24r—1) 42} 
and {Um-2 4-1, Va(2™-247—1) 41) V4(am-24r—-1)43} respectively, where 1 < r < 2™~? and if 
m = n, in addition to 5-2? distinct path homotopy classes described above we have 
2”~1 distinct path homotopy classes Pn+1,7,1 corresponding to the paths having vertex sets 
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{Ugn—14p—15 U2(2n-14r—1)) V2(an-14r-1) 41}5 where 1 < r < 2”~-!. Then h(Pm,r,1) = (Qn +r 
1) - (2(2"-? +r — 1) - (2(22"-2 +r — 1) +1), A(Pmyr2) = (2? +r —1)- (202™? +r -1))- 
(422-2 +r —1)), A(Pmyr3) = (2-2 +r —1)- (2(2™-2% +r —1))- (40272 +r—-—1)4+)), 
A(Pmra) = (27-2? +r —1)- (2027-2? +r — 1) +1) - (400? + — 1) + 2), A(Pmos) = 
(27-2 +r —1)-(2(2™ 2 +r—1)4+1)- (402? +r—1)4+3), forl <m<n,1<r< 2”? and 
A(Pn4i,r1) = (2°71 +r—1)- (2(2"-1+r—-1))- (202-1 4+r—-1) +1), forl <r <2"-1. Then 
to show h is injective, consider the following cases: 











Case 1. Let k = 2-2 +r—1. Then h(Pimny2) = k- 2k- 4k, A(Pmr3) = k- 2k- (4k +1), 
A(Pm,r.4) = k+ (2k +1)- (4k +2) and h(Pinr5) =k: (2k +1): (4k +3). Since 2k < 2k +1 and 
Ak <4k+1<4k+2 < 4k+3, we have k- 2k-4k <k-2k- (4k 41) <k-(2k41)- (4k 42) < 
k- (2k +1)- (4k +3). Hence h(Pm,r,2) < h(Pmyr,3) < h(Pm,r,4) < h(Pm,r5)- 


Case 2. Let k = 2-1-1. Then h(Pyom-25) = k- (2k + 1)- (4k + 3), h(Pmiit2) = 
(k+1)-(2(k +1) «(A(R 41). Since k <k41, 2k+1<2k+2 and 4k+3 <4k+4, we have 
k-2k+1-4k+3<k4+1-2k4+2-4k+4. Hence h(Pyom-25) < h(Pm+1,1,2): 





Case 3. Let k = 2™24r—1. Then h(Pm»5) = k- (2k +1): (44 +3), R(Pmr4ia) = 
(k +1) + (2(k +1): (4(k+1)). Since k <k +1, 2k+1<2k+2 and 4k+3 <4k+4, we have 
k-2k+1-4k+3 <k4+1-2b+2-4k+4. Hence h(Prns) <h(Pmrti.2)) for 1 <r < 2-2-1. 








Case 4. Since r—1 <r, we have (27? +r—1)- (2(2™ 2 4+r—1))-(2(2"?2+r—1)+1)< 
(2-7) +r). (2(2™-2 + r)) - (2(2™-? + r) +1), which is same as h(Pm ri) < h(Pm,r+41,1); for 
Ler on 1, 


Case 5. Let k = 2™ 1-1. Then A(Pyom-21) = k- 2k- (2k 41), h(Pmsiia) = (K+ 
1)- (2(k+1))- (2(k+1)4+1). Since k < k+1, 2k < 2k+2 and 2k4+1 < 2k+4+3, we have 
k + 2k- (2k +1) < (k+1)- (2k4+ 2)-(2k4+3). Hence h(Pyy2m-2,1) < h(Pm+1,1,1): 


Case 6. For given m and r, we have h(Pm,r,1) = (2"~? +r —1)- (2(2-? + r—1)) -(2(2™-? + 
r — 1) +1) in which one of the three factors differs from the three factors of h(Ps4,:) for 
s<m1<t<2%',1<i<5 and fors=m,1<t<r<2™-7,1<i< 5. Hence 
hPa) CIP sda) tor $a SS PO AS and for s = a 1 < Pe 
1<i<5d. 











Thus, by Cases (1)-(6) it follows that h is injective and G is strongly 2-multiplicative. 





Theorem 2.11 The complete graph K,, is strongly 2-multiplicative if and only if 3<n< 5. 


Proof First, consider K3 with vertices v1, vg and v3. Then there is only one path homotopy 
class and is trivially strongly 2-multiplicative. 

Second, consider K4 with vertices v1, v2,v3 and v4. Then there are four distinct path 
homotopy classes P1,P2,P3 and P4, corresponding to paths having vertex sets {v1, v2, v3}, 
{v1, v2, v4}, {v1, v3, v4} and {v2, v3, v4} respectively. We label the vertices as follows : vu; = i, 
1<i<4. Then A(P1) = 6, h(P2) = 8, h(P3) = 12, h(Ps) = 24. Clearly h is injective and K4 
is strongly 2-multiplicative. 


Third, consider Ks with vertices v1,v2,v3,v4 and vs. Then there are ten distinct path 
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homotopy classes P1, P2, P3, P14, Ps, Pe, Pz, Ps, Po and Pio, corresponding to paths having 
vertex sets {v1, V2, U3}, {v1, vs, va}, (U1, v4, Us}, {v2, U3, Us}, {V2, Va, U5}, {v2, Us, UL}, (U3, U4, Us}, 
{v3,u5, U1}, {v4, v1, v2} and {vs, v2, v3} respectively. We label the vertices as follows : vu;=i, 
1<i<5. Then h(P1) = 6, h(P2) = 12, h(P3) = 20, h(Ps) = 24, h(Ps) = 40, h(Ps) = 10, 
h(P7) = 60, h(Ps) = 15, h(Po) = 8 and h(Pio) = 30. Clearly h is injective and Ks; is strongly 
2-multiplicative. 

Finally, consider a complete graph K,, where n > 6. Clearly corresponding to each 
triangle, one can always find a path homotopy class of paths of length 2 having the vertex set, 
the vertices of triangle. In any labelling of the vertices, we can find two path homotopy classes 
P and P’ where P consisting of paths having the vertices labelled 1,3 and 4 and Pp’ consisting 
of paths having the vertices labelled 1,2 and 6. Clearly PZ P’, but h(P) = 12 = h(P’). Hence 
for n > 6, K,, is not strongly 2-multiplicative. 














Theorem 2.12 The star graph S;, is strongly 2-multiplicative if and only if 3 <n < 7. 


Proof First, consider S3 with vertices v1,v2 and v3. Here v2,v3 are pendent vertices. Then 
there is only one path homotopy class and is trivially strongly 2-multiplicative. 

Second, consider $4 with vertices v,,v2,v3 and v4. Here v2,v3,v4 are pendent vertices. 
Then there are three distinct path homotopy classes P;, P2 and P3, corresponding to paths 
having the vertex sets {v2, v1, v3}, {v2, v1, vs} and {v3, v1, vs} respectively. We label the vertices 
as follows: vu, =i,1<i< 4. Then h(P)) = 6, h(P2) = 8, h(P3) = 12. Clearly h is injective 
and Sy is strongly 2-multiplicative. 

Third, consider S5 with vertices v1, v2, v3, v4 and vs. Here v2, v3, v4, Us are pendent vertices. 
Then there are six distinct path homotopy classes P|, P2, P3, Pa, Ps and Ps, corresponding 
to paths having the vertex sets {v2, v1, vs}, {v2, v1, v4}, {v2, v1, Us}, (v3, v1, v4}, {v3, V1, Us} and 
{vu4, v1, U5} respectively. We label the vertices as follows : vj =i, 1 <i< 5. Then h(P1) = 6, 
h(P2) = 8, h(P3) = 10, h(P4) = 12, h(Ps) = 15, h(Pe) = 20. Clearly h is injective and Ss is 
strongly 2-multiplicative. 

Fourth, consider Sg with vertices v1, v2, v3, U4, U5 and ug. Here v2, v3, v4, U5, Ug are pendent 
vertices. Then there are ten distinct path homotopy classes P;, P2, P3, P4, Ps, Pe, Pz, Ps, 
Py and Pio, corresponding to paths having the vertex sets {v2, v1, v3}, {V2, U1, va}, {V2, V1, Us}, 
{v2,v1, ve}, {v3, v1, va}, {03, U1, U5}, {v3, U1, ve}, {V4, U1, U5}, {v4, v1, ve} and {vs, v1, ve} respec- 
tively. We label the vertices as follows: vy = 2, vg = 1, vu; = i, 3 < ix 6. Then h(P) = 6, 
h(P2) = 8, h(Ps) = 10, h(Ps) = 12, h(Ps) = 24, h(Pe) = 30, h(P7) = 36, h(Ps) = 40, 
h(P9) = 48, h(Pi0) = 60. Clearly h is injective and S¢ is strongly 2-multiplicative. 








Fifth, consider $7 with vertices v1, v2,V3,U4,U5,Ue and v7. Here v2, v3, U4, U5, U6, U7 are 
pendent vertices. Then there are fifteen distinct path homotopy classes P 1, P2, P3, Pa, Ps, 
Ps, Pz, Ps, Po, Pio, Pi1, Pi2, Piz, Pia and P15, corresponding to paths having the ver- 
tex sets {v2,v1,u3}, {v2,v1, v4}, {v2, 01, U5}, {v2, v1, v6}, (v2, U1, v7}, {u3, U1, va}, (v3, U1, us}, 
{v3, v1, ve}, (v3, U1, U7}, (U4, U1, U5}, {v4, V1, ve}, (v4, V1, U7}, {5, U1, ve}, (U5, U1, v7} and {vg, v1, 
v7} respectively. We label the vertices as follows : v,=2, v2 1, y=i, 3 <i < 7. Then 
h(P1) = 6, h(P2) = 8, h(P3) = 10, h(Ps) = 12, h(Ps5) = 14, h(Pe) = 24, h(P7) = 30, 
h(Pg) = 36, h(Po9) = 42, h(Pio) = 40, h(Pi1) = 48, h(Piz) = 56, h(Pizs) = 60, h(Pis) = 70, 
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h(Pis) = 84. Clearly h is injective and S7 is strongly 2-multiplicative. 

Finally, consider a star graph S,,, where n > 8. In any labeling of the vertices we can find 
two path homotopy classes P and P’ such that P 4 P’ but h(P) = h(P’). Hence for n > 8, 
Sy is not strongly 2-multiplicative. 














Theorem 2.13 The fan graph F,, is strongly 2-multiplicative if and only if 3<n< 6. 


Proof First, consider Fy = K,+ P 2. Let the vertex of Ky be v; and the vertices of P2 be v2 
and vs. Then there is only one path homotopy class and is trivially strongly 2-multiplicative. 

Second, consider F3 = Ky+ P3. Let the vertex of Ky be v; and the vertices of P3 be v2, v3 
and v4. Then there are four distinct path homotopy classes P),P2,?3 and 74, corresponding 
to paths having the vertex sets {v2, v1, v3}, {v2, v1, va}, {U3, V1, vs} and {v2, v3, v4} respectively. 
We label the vertices as follows : v; =i, 1<i< 4. Then h(P,) = 6, h(Pe) = 8, h(P3) = 12, 
h(P4) = 24. Clearly h is injective and F3 is strongly 2-multiplicative. 

Third, consider Fy = K,+ Py. Let the vertex of kK, be v;, and the vertices of Py be v2, v3, v4 
and vs. Then there are eight distinct path homotopy classes P1,P2,P3,P4,P5,P6,P7 and Ps, 
corresponding to paths having the vertex sets {v2,v1,u3}, {v2, v1, v4}, {v2, v1, us}, {u3, v1, v4}, 
{v3, U1, Us}, {v4, U1, Us}, {v2, v3, va} and {v3, va, Us} respectively. We label the vertices as follows 
:u =t,1<%i< 5. Then A(P\) = 6, h(P2) = 8, h(Ps) = 10, h(Ps1) = 12, h(Ps) = 15, 
h(P6) = 20, h(P7) = 24, h(Ps) = 60. Clearly h is injective and Fy is strongly 2-multiplicative. 

Fourth, consider Fs = K, + Ps. Let the vertex of K, be v; and the vertices of Ps be vo, 
U3, U4,U5 and vg. Then there are thirteen distinct path homotopy classes P1,P2,P3, P4,Ps, 
Pe; P7, Ps, Po, Pio, P11; Pig and P13, corresponding to paths having the vertex sets {v2, v1, vs}, 
{v2, U1, Va}, {V2, U1, Us}, {V2, U1, Ve}, {U3, U1, Va}, {U3, U1, U5}, {U3, U1, Ve}, {V4, U1, U5}, {V4, 11, Ve}, 
{us,v1, ve}, {V2, v3, va}, {v3, U4, U5} and {v4, v5, v6} respectively. We label the vertices as fol- 
lows: vy = 3, uy, = i-—1, 7 = 2,3, v3, = 1,4 <i < 6. Then h(P1) = 6, A(P2) = 12, 
h(P3) = 15, h(P4) = 18, h(P5) = 24, h(Pe) = 30, h(P7) = 36, h(Ps) = 60, h(Po) = 72, 
h(Pio) = 90, h(Pi1) = 8, h(Piz) = 40, h(Pi3) = 120. Clearly h is injective and Fs is strongly 
2-multiplicative. 

Fifth, consider Fg = K, + Ps. Let the vertex of K, be v; and the vertices of Pg be 
V2, U3, U4, U5, Ug and v7. Then there are nineteen distinct path homotopy classes P|, P2, P3, Pa, 
Ps, Pe, Pz, Ps, Po, Pio; Pii, Piz, Pis, Pia; Pis, Pis, Piz, Pigs and Pig, corresponding to paths 
having the vertex sets {v2, v1, v3}, {v2, v1, vs}, {v2, U1, Us}, {V2, U1, Ve}, {V2, U1, U7}, (v3, v1, v4}, 
{v3, U1, Us}, {U3, U1, Ve}, {U3, U1, U7}, {U4 U1, Us}, {V4, V1, Ve}, {V4, 11, U7}, {U5, 11, Ve}, {U5, V1, U7}, 
{vue, v1, U7}, {v2, v3, va}, (U3, v4, Us}, (04, Us, ve} and {vs, ve, v7} respectively. We label the ver- 
tices as follows : v, = 3, u, = 1-1, 7 = 2,3, 3, = i, 4 < i < 7. Then A(Pi) = 6, 
h(P2) = 12, h(Ps3) = 15, h(Ps) = 18, h(Ps) = 21, h(Pe) = 24, h(P7) = 30, h(Ps) = 36, 
h(P9) = 42, h(Pio) = 60, h(Pi1) = 72, h(Piz) = 84, h(Pis) = 90, h(Pia) = 105, h(Pis) = 126 
A(Pig) = 8, h(Piz7) = 40, h(Pig) = 120, h(Pig) = 210. Clearly h is injective and Fg is strongly 
2-multiplicative. 

Finally, consider a fan graph F;,, where n > 7. In any labeling of the vertices we can find 
two path homotopy classes P and P’ such that P 4 P’ but h(P) = h(P’). Hence for n > 7, 
F,, is not strongly 2-multiplicative. 
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Theorem 2.14 The wheel graph W,, is strongly 2-multiplicative if and only if 4<n< 7. 


Proof First, consider W4 = K, + C3. Let the vertex of Ky, be v; and the vertices of C3 
be vg,v3 and v4. Then there are four distinct path homotopy classes P|, P2, P3 and P,4 cor- 
responding to paths having the vertex sets {v2, v1, v3}, {v2, v1, vs}, {u3, U1, v4} and {v2, v3, us} 
respectively. We label the vertices as follows : vj =i, 1<i< 4. Then h(P1) = 6, h(P2) = 8, 
h(P3) = 12, h(P4) = 24. Clearly h is injective and W, is strongly 2-multiplicative. 

Second, consider W; = K,+C4. Let the vertex of K, be v; and the vertices of C4 be v2, vs, 
va and us. Then there are ten distinct path homotopy classes P,, P2, Ps, Ps, Ps, Pe, P7, Ps; 
Py and Pio corresponding to paths having the vertex sets {v2, v1, vs}, {v2, v1, va}, {v2, V1, Us}, 
{v3, v1, va}, {U3, U1, Us}, {v4, U1, U5}, {v2, v3, va}, {U3, U4, U5}, (v4, Us, v2} and {vs, v2, v3} respec- 
tively. We label the vertices as follows: vu; = i, 1 <i< 5. Then h(P\) = 6, h(P2) = 8, 
h(P3) = 10, h(Ps1) = 12, h(Ps) = 15, h(Pe) = 20, h(P7) = 24, h(Ps) = 60, h(Po) = 40, 
h(Pi9) = 30. Clearly h is injective and Ws is strongly 2-multiplicative. 

Third, consider We = Ky, + Cs. Let the vertex of K, be v; and the vertices of Cs 
be v2, v3, v4, U5 and ve. Then there are fifteen distinct path homotopy classes P1, P2, 
Ps, Ps, Ps, Ps, P7, Ps, Po, Pio, Pii, Piz, Piz, Pia and P15 corresponding to paths hav- 
ing the vertex sets {v2,v1,u3}, {v2,v1, va}, {v2,01, U5}, {v2, 01, ve}, {v3, 01, v4}, {v3, v1, us}, 
{v3, v1, ve}, {v4, 01, us}, {v4, U1, v6}, {U5, 01, ve}, {V2, v3, va}, {v3, va, U5}, {v4, Us, ve}, (U5, V6, V2} 
and {vg, v2, U3} respectively. We label the vertices as follows: v1 = 2, ve = 1, v3 = 3, v4 = 6, 
vs = 4, vg = 5. Then h(P1) = 6, h(P2) = 12, h(Ps) = 8, h(P4) = 10, h(Ps) = 36, h(Po) = 24, 
h(P7) = 30, h(Ps) = 48, h(Po) = 60, h(Pio) = 40, h(Pi1) = 18, h(Piz) = 72, h(Piz) = 120, 
h(Pi4) = 20, h(Pis) = 15. Clearly h is injective and Wg is strongly 2-multiplicative. 

Fourth, consider W7 = K, + Cg. Let the vertex of Ky be v; and the vertices of Cg be 
V2, U3,U4,U5,Ug and v7. Then there are twenty one distinct path homotopy classes P;, P2, 
P3, Pay Pop PF 6x. P78 F9x Pix Pits Pias Pass Fidy Pid, Pies Pizy Pisj.rieg P50, 00nd Poi; 
corresponding to paths having the vertex sets {v2,v1,u3}, {v2, v1, v4}, {v2, U1, us}, {v2, v1, v6}, 
{v2, v1, U7}, {u3, v1, va}, (03, U1, us}, (03, U1, ve}, (U3, U1, U7}, (04, U1, Us}, (04, U1, Ve}, (4, U1, U7}, 
{us,v1, ve}, (us, U1, v7}, {v6, U1, U7}, {v2, vs, vs}, {U3, va, Us}, {v4, Us, ve}, {U5, V6, V7}, (V6, V7, v2} 
and {v7, v2, v3} respectively. We label the vertices as follows: v1 = 2, ve = 1, v; = 4, for i = 3,7, 
v4 = 6, v5 = 4, vg = 5. Then h(P1) = 6, h(P2) = 12, h(Ps) = 8, h(P1) = 10, h(Ps5) = 14, 
h(Pe6) = 36, h(P7) = 24, h(Ps) = 30, h(Po) = 42, h(Pio) = 48, h(Pi1) = 60, h(Pi2) = 84, 
h(Pi3) = 40, h(Pia) = 56, h(Pis) = 70, h(Pig) = 18, h(Pi7) = 72, h(Pis) = 120, h(Pig) = 140, 
h( 














P20) = 35, h(P21) = 21. Clearly h is injective and W7 is strongly 2-multiplicative. 

Finally, consider a wheel graph W,,, where n > 8. In any labeling of the vertices we can 
find two path homotopy classes P and P’ such that P 4 P’ but h(P) = h(P’). Hence for 
n > 8, W, is not strongly 2-multiplicative. 














Theorem 2.15 The complete bipartite graph K2,,, 1s strongly 2-multiplicative if and only if 
2<n<3. 


Proof First, consider complete bipartite graph K22. Let A = {v1,v2} and B = {v3, v4} 
be the two partitions of vertex set of Ka. Then A consists of 4 distinct path homotopy classes 
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P1, P2, P3 and P41, corresponding to paths having vertex sets {v3, v1, va}, {v3, v2, va}, (v1, U3, va} 
and {v1, v4, v2} respectively. We label the vertices as follows: v; = i, for all 7 € {1,2,3,4}. 
Then h(P) = 12, h(P2) = 24, h(P3) = 6, h(P4) = 8. Clearly h is injective K2,2 is strongly 
2-multiplicative. 

Second, consider complete bipartite graph K23. Let A = {v1, v2} and B ={v3, v4, us} be 
the two partitions of vertex set of K2.3. Then A consists of 9 distinct path homotopy classes 
P1,P2,P3 P1,;Ps5,P6,P7,Ps and Po, corresponding to paths having vertex sets {v3, v1, v4}, 
{v3, v1, us}, {u3, v2, vs}, (U3, V2, U5}, {v2, Us, vi}, {v2, va, Ui}, (v4, v2, Us}, (01, v4, Us} and {v2, v3, 
vi} respectively. We label the vertices as follows: v; = 7, for all i € {1,2,3,4,5}. Then 
h(P1) = 12, h(P2) = 15, h(Ps) = 24, h(Ps) = 30, A(P5) = 10, h(Po) = 8, h(P7) = 40, 
h(Pg) = 20, h(Po) = 6. Clearly h is injective K2,3 is strongly 2-multiplicative. 

Finally, consider a complete bipartite graph K2,4. In any labelling of the vertices we get 
as the value of h(P) one of 12,24 and 30. Since 12 = 1-3-4=1-6-2, 24=1-6-4=3-4-2 and 
30 = 3-2-5=1-6-5, we get two distinct path homotopy classes P and P’ with h(P)=h(P’). 
Hence K2,4 is not strongly 2-multiplicative. Like this one can show that, a complete bipartite 











graph K2,,,, for n > 4 is not strongly 2-multiplicative. 





Theorem 2.16 The graph P2 + Py, is strongly 2-multiplicative if and only ifn < 3. 


Proof First, consider the graph P2 + Pj. This is same as K4, which is strongly 2- 
multiplicative by Theorem 2.11. 

Second, consider the graph P: + P3. Then A consists of 10 distinct path homotopy classes 
P1, P2,P3 P1;P5,P6,P7,Ps, Po and Pio corresponding to paths having vertex sets {v3, v1, va}, 
{v3, v1, us}, {u3, v2, vs}, {u3, V2, U5}, {v2, Us, U1}, {v2, va, vi}, {v4, ve, us}, {v1, va, us}, {v2, v3, Ui} 
and {v3,v4,Us} respectively. We label the vertices as follows: vu; = i, for all i € {1,2,3,4,5}. 
Then h(P1) = 12, h(P2) = 15, h(P3) = 24, h(Ps) = 30, h(Ps) = 10, h(Po) = 8, h(P7) = 
40, h(Ps) = 20, h(Po) = 6, h(Pio) = 60. Clearly h is injective and P, + P3 is strongly 
2-multiplicative. 

Finally, consider graph P) + P, where n > 4. In any labeling of the vertices we can find 
two path homotopy classes P and P’ such that P 4 P’ but h(P) = h(P’). Hence for n > 4, 
P2+ Py, is not strongly 2-multiplicative. 














Theorem 2.17 The peterson graph is strongly 2-multiplicative. 


Proof Consider a peterson graph with vertices v1, v2, U3, U4,°°* ,V10- 


U6 
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Figure 5 


Then A consists of 21 distinct path homotopy classes P1,P2,P3,--- ,P21, corresponding to 
paths having vertex sets {v4, v1, v3}, {us, v2, va}, {U5, U3, U1}, (1, U4, V2}, (V2, Us, U3}, (V6, U7, Us}, 
{v7, Us, vo}, {vs, v9, Vio}, {V9, Vio, Ve}, {V9, Vio, V4}, {V10, V6, U7}, (U6, U1, V4}, (Ve, U1, U3}, {U7, V2, 
us}, {v7, v2, U3}, {vg, v3, U1}, {vs, v3, Us}, {v9, v4, v2}, {v9, v4, 01}, {v10, Us, v3} and {vi0, us, v2} 
respectively. We label the vertices as follows: uv; = i, for 1 <i < 7, vg = 9, v9 = 8, vio = 10. 
Then A(P1) = 12, h(P2) = 40, h(P3) = 15, h(P4) = 8, A(Ps) = 30, h(Pe) = 378, h(P7) = 504, 
h(Pg) = 720, h(P9) = 480, h(Pio) = 320, h(Pi1) = 420, h(Piz) = 24, h(Piz3) = 18, h(Pia) = 70, 
h(Pis) = 42, h(Pie) = 27, h(Piz) = 135, h(Pis) = 64, h(Pi9) = 32, h(P20) = 150, h(Pe1) = 100 
. Clearly h is injective peterson graph is strongly 2-multiplicative. 




















Theorem 2.18 The windmill Ki” is strongly 2-multiplicative if and only ifm < 3,n <3. 


Proof First, if m = 2, then the proof follows from the proof of Theorem 2.5, with n = 3. 
Second, consider the K? with vertices v1, v2, V3, U4, Us, Ve and v7 such that v; be the 
common vertex as shown in the figure. 


U7 v2 


U6 U3 


U4 


Figure 6 


Then A consists of 15 distinct path homotopy classes P1, P2, P3, Pa4,..., Pis correspond- 
ing to paths having vertex sets {v2, v1, v3}, {v2,u1, v4}, {v2, 01, U5}, {v2, 01, ve}, {v2, v1, v7}, 
{uz,v1, va}, {v3, v1, vs}, {U3, U1, Ve}, (U3, U1, U7}, {U4, U1, Us}, (U4, U1, Ve}, (U4, V1, U7}, {U5, U1, Ve}, 
{us,v1, U7} and {v6, v1, v7} respectively. We label the vertices as follows: v1 = 2, vg = 1 and 
v; = 7 for alli for 3<i< 7. Then h(P1) = 6, h(P2) = 8, h(Ps) = 10, h(P4) = 12, h(Ps) = 14, 
h(Pe) = 24, h(P7) = 30, h(Ps) = 36, h(Po) = 42, h(Pio) = 40, h(Pii) = 48, h(Pi2) = 56, 
h(Piz) = 60, h(Pi4) = 70, h(Pis) = 84. Clearly h is injective K? is strongly 2-multiplicative. 
Finally, consider a windmill K}” for m > 3, n > 3. In any labelling of the vertices, we 
can find two path homotopy classes P and P’ such that P 4 P’, but h(P) = h(P’). Hence for 
n > 3,m > 3, K}” is not strongly 2-multiplicative. 
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Abstract: For an arborescence A,, a directed pathos line digraph Q = DPL(A,) has vertex 
set V(Q) = A(A,) U P(A,), where A(A,) is the arc set and P(A,) is a directed pathos set 
of A;. The arc set A(Q) consists of the following arcs: ab such that a,b € A(A,) and the 
head of a coincides with the tail of b; Pa such that a € A(A,) and P € P(A,) and the arc 
a lies on the directed path P; P;P; such that P;,P; € P(A,) and it is possible to reach the 
head of P; from the tail of P; through a common vertex, but it is possible to reach the head 
of P; from the tail of P;. The purpose of this note is to characterize DPL(A,), i.e., when 
is a digraph a directed pathos line digraph of an arborescence A, and is A, reconstructible 
from DPL(A,)? 


Key Words: Line digraph, complete bipartite subdigraph, directed pathos vertex. 
AMS(2010): 05C20. 


§1. Introduction 


Notations and definitions not introduced here can be found in [2]. There are many digraph 
operators (or digraph valued functions) with which one can construct a new digraph from a 
given digraph, such as the line digraph, the total digraph, and their generalizations. One such 
a digraph operator is called a directed pathos line digraph of an arborescence. 

The concept of pathos of a graph G was introduced by Harary [3] as a collection of minimum 
number of edge disjoint open paths whose union is G. The path number of a graph G is the 
number of paths in any pathos. The path number of a tree T equals k, where 2k is the number 
of odd degree vertices of T. 

For a tree T with vertex set V(T’) = {v1, v2,-++ , Un} and edge set E(T) = {e1, €2,-++ , en—-1}, 
the authors in [4] gave the following definition. A pathos line graph of T, written PL(T), is 
a graph whose vertices are the edges and paths of a pathos of T, with two vertices of PL(T) 
adjacent whenever the corresponding edges of T’ have a vertex in common or the edge lies on 
the corresponding path of the pathos. 


1Received February 8, 2018, Accepted December 5, 2018. 
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The order and size of PL(T) aren +k—1 and >> d?, respectively, where k is the path 
i=1 
number and d; is the degree of vertices of T. The characterization of graphs whose PL(T) 


are planar, outerplanar, and maximal outerplanar were presented. A necessary and sufficient 
condition for PL(T) to be Eulerian was given. They also showed that for any tree T, PL(T) is 
not minimally nonouterplanar. 


See Figure.1 for an example of a tree T and its pathos line graph PL(T). 








Figure 1 


A directed graph (or just digraph) D consists of a finite non-empty set V(D) of elements 
called vertices and a finite set A(D) of ordered pair of distinct vertices called arcs. Here V(D) 
is the vertex set and A(D) is the arc set of D. For an arc (u,v) or wv of D the first vertex u is 
its tail and the second vertex v is its head. An arborescence is a directed graph in which, for 
a vertex u called the root and any other vertex v, there is exactly one directed path from u to 
v. We shall use A, to denote an arborescence. A vertex with an in-degree (out-degree) zero is 
called a source (sink). 

M. Aigner [1] defines the line digraph of a digraph as follows. Let D be a digraph with n 
vertices U1, V2,°+* ,Un and m arcs, and L(D) its associated line digraph with n’ vertices and m’ 

n 
arcs. We immediately have n) = m and m’ = S- d~(v;)- d*(v;). Furthermore, the in-degree 
i=1 
and out-degree of a vertex v= (v;,v;) in L(D) are d~(v') = d~(u;) and dt(v) = dt(v;), 
respectively. A digraph D is said to be a line digraph if it is isomorphic to the line digraph of 
a certain digraph H. 

The authors in [5] extended the definition of a pathos line graph of a tree to an arborescence 
by introducing the concept of directed pathos line digraph of an arborescence and studied some 
of the characterization problems such planarity, outer planarity, etc. It is the object of this 
paper to discuss the problem of reconstructing an arborescence from its directed pathos line 
digraph. 
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§2. Definition of DPL(A,) 


Definition 2.1 Jf a directed path P,, starts at one verter and ends at a different vertex, then 


> 


P,, is called an open directed path. 


Definition 2.2 The directed pathos of an arborescence A, is defined as a collection of minimum 


number of arc disjoint open directed paths whose union is A,. 


Definition 2.3 The directed path number k’ of Ay is the number of directed paths in any 
directed pathos of A, and is equal to the number of sinks in A,, 1.e., k’ = number of sinks in 
A,. 


Definition 2.4 A directed pathos vertex is a vertex corresponding to a directed path of the 
directed pathos of A,. 


Definition 2.5 For an arborescence A,, a directed pathos line digraph Q = DPL(A,) has 
vertex set V(Q) = A(A,) U P(A,), where A(A;) is the arc set and P(A,) is a directed pathos 
set of A,. The arc set A(Q) consists of the following arcs: ab such that a,b € A(A,) and the 
head of a coincides with the tail of b; Pa such that a € A(A,) and P € P(A,) and the arc a 
lies on the directed path P; P,P; such that P;,P; € P(A,) and it is possible to reach the head of 
P; from the tail of P; through a common vertex, but it is possible to reach the head of P; from 
the tail of P;. 


Note that the directed path number k of an arborescence A, is minimum only when the 
out-degree of the root of A, is one. Therefore, unless otherwise specified, the out-degree of the 
root of every arborescence is one. Finally, we assume that the direction of the directed pathos 
is along the direction of the arcs in A,. 


See Figure.2 for an example of an arborescence A, and its directed pathos line digraph 
DPL(A,). 





Figure 2 
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§3. A Criterion for Directed Pathos Line Digraphs 


The main objective is to determine a necessary and sufficient condition that a digraph be a 
directed pathos line digraph. 

A complete bipartite digraph is a directed graph D whose vertices can be partitioned into 
nonempty disjoint sets A and B such that each vertex of A has exactly one arc directed towards 
each vertex of B and such that D contains no other arc. 


Theorem 3.1 A digraph A, is a directed pathos line digraph of an arborescence A, if and only 
if V(A) = A(A,) U P(A,) and are sets : 

(i) UP, Xi x Yi, where X; and Y; are the sets of in-coming and out-going arcs at v; of Apr, 
respectively; 

(ii) Upay Ulay Pe x 2; such that Py x 2; = 6 fork #j, where Z; is the set of arcs on which 
Py lies in A,; 

(iti) Upay Ufa Pre x Ze such that Py x Z; = ¢ fork # J, where Z; is the set of directed paths 


whose heads are reachable from the tail of Py through a common vertex in A,. 


Proof Suppose that A, is an arborescence with vertex set V(A,) = {v1, V2,-++ ,Un} anda 
directed pathos set P(A,) = {Pi, Po,--- ,P,}. We consider the following three cases. 


Case 1. Let v be a vertex of A, with d~(v) = a and dt(v) = G. Then a arcs incident into v 
and the @ arcs incident out of v give rise to a complete bipartite subdigraph with a tails and 
G heads and a: 7 arcs joining each tail with each head. 


Case 2. Let P; be a directed path which lies on a arcs in Ay. Then a’ arcs give rise to a 
complete bipartite subdigraph with a single tail (i.e., P;) and a’ heads and a’ arcs joining P; 
with each head. 
Case 3. Let P; be a directed path, and let B be the number of directed paths whose heads 
are reachable from the tail of P; through a common vertex in A,. Then B arcs give rise to a 
complete bipartite subdigraph with a single tail (i.e., P;) and B heads and {3 arcs joining P; 
with each head. 

Hence by all the above cases, DPL(A,-) is decomposed into mutually arc-disjoint complete 
bipartite subdigraphs with vertex set A(A,)U P(A,) and arc sets: 


(i) UR, X; x Y;, where X; and Y; are the sets of in-coming and out-going arcs at v; of A,, 
respectively; 

(t7) Upey Uj-1 Pe x Zj such that P, x Z; = ¢ for k A j, where Z; is the set of arcs on 
which P, lies in A,; 

(444) Upaa Ujar Pr x Z such that P;, x Z; = ¢ fork £ j, where Z; is the set of directed 
paths whose heads are reachable from the tail of Py through a common vertex in A,.. 

Conversely, let iA. be a digraph of the type described above. Let t1, t2,...,t; be the vertices 
corresponding to complete bipartite subdigraphs A,,, A;2,--- , Ar; of Case 1, respectively, and 


let t!,t2,...,t” be the vertices corresponding to complete bipartite subdigraphs P;, P;,--- , P. 
of Case 2, respectively. Finally, let tg be a vertex chosen arbitrarily. 


For each vertex v of the complete bipartite subdigraphs A,;, A;2,--- , Ari, we draw an arc 
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Gy as follows. 

(i) If d*(v) > 0 and d~(v) = 0, then a, := (to, ti), where i is the base (or index) of A,; 
such that uv € Yj. 

(ii) If d*(v) > 0 and d7(v) > 0, then a, := (t;,t;), where i and j are the indices of A,; 
and A,; such that v € X;N Yi. 

(c) If d*(v) = 0 and d-(v) = 1, then ay := (t;,t”), n = 1,2,--- ,r, where 7 is the base of A,,; 
such that v € X;. 

Note that in (t;,t”) no matter what the value of 7 is, n varies from 1 to r such that the 
number of arcs of the form (t;,t”) is exactly r. 

We now mark the directed pathos as follows. It is easy to observe that the directed path 
number k’ equals the number of subdigraphs of Case 2. Let ~1,W2,--- ,w, be the number of 
heads of subdigraphs P,, P,, tee ,P., respectively. Suppose we mark the directed path P,. For 
this we choose any w, number of arcs and mark P, on y arcs such that the direction of P; 
must be along the direction of ~ arcs. Similarly, we choose w2 number of arcs and mark P, 
on w2 arcs. This process is repeated until all directed paths are marked. The digraph A, with 











directed paths thus constructed apparently has A. as directed pathos line digraph. 





Given a directed pathos line digraph Q, the proof of the sufficiency of the Theorem above 
shows how to find an arborescence A, such that DPL(A,) = Q. This obviously raises the 
question of whether @ determines A, uniquely. Although the answer to this in general is no, 
the extent to which A, is determined is given as follows. One can easily check that using 
reconstruction procedure of the sufficiency of the Theorem above, any arborescence (without 
directed pathos) is uniquely reconstructed from its directed pathos line digraph. Since the 
pattern of directed pathos for an arborescence is not unique, there is freedom in marking the 
directed pathos for an arborescence in different ways. This clearly shows that if the directed 
path number is one, any arborescence with directed pathos is uniquely reconstructed from 
its directed pathos line digraph. It is known that the directed path is a special case of an 
arborescence. Since the directed path number of a directed path of order n (n > 2) is exactly 
one, it follows that a directed path is uniquely reconstructed from its directed pathos line 
digraph. 
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Abstract: A vertex v € V —S is an external private neighbor of u with respect to S if v is 
adjacent to u but no other vertex in S. A set S C V is open irredundant if every vertex in 
S has an external private neighbor with respect to S. A set S is called an independent open 
irredundant set or ioir-set if S is an independent set and every vertex in S has an external 
private neighbor with respect to S. An independent open irredundant coloring of a graph G 
is a partition of V(G) into independent open irredundant sets. In this paper, we introduce 
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§1. Introduction 


By a graph G = (V,F) we mean a finite, undirected graph without loops or multiple edges. 
The order and size of G are denoted by n and m respectively. For graph theoretic terminology 
we refer to Chartrand and Lesniak [2]. 

Domination is a well studied concept in graph theory. For an excellent treatment of fun- 
damentals of domination we refer to the book by Haynes et al. [6]. Several advanced topics in 
domination are given in the book edited by Haynes et al. [7]. 

The neighbourhood of a vertex x € V(G) in the graph G is denoted by N(x) and the closed 
neighbourhood {x} U N(«) by N[z]. If X is a subset of V(G), then N[X] = U,ex N[2] and 
the subgraph induced by X is denoted by G[X]. 

In 1999, Cockayne [3] introduced the study of a large class of generalized irredundant sets 
in graphs. Each type of a generalized irredundant set S C V is defined by the types of private 
neighbors (i.e self, internal or external) that each vertex in the set must have. A subset S' of 
V in a graph G is said to be independent if no two vertices in S are adjacent. Let uc S. A 
vertex v € V —S is an external private neighbor of u with respect to S if v is adjacent to u 
but no other vertex in S. A vertex u € S is its own private neighbor if it is not adjacent to any 
vertex in S. A set S is called irredundant if every vertex in S' is either its own private neighbor 
or has an external private neighbor, with respect to S. A set S is called an independent open 
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irredundant set or toir-set if S is an independent set and every vertex in S has an external 
private neighbor. 

Generally, a set S is called a Smarandachely k-independent open irredundant set if there 
is a subset Vo C V with |Vo| = & such that S is an independent set and every vertex in S has 
an external private neighbor in Vo. Clearly, if Vo = V, a Smarandachely |G|-independent open 
irredundant set is nothing else but an zozr-set. 

In [3], Cockayne identifies 12 types of generalised irredundant sets the properties of which 
are hereditary. Perhaps the most interesting of these are the zoir-sets. One can therefore define 
toir(G) to equal the minimum size of a maximal toir-set and [OIR(G) to equal the maximum 
size of an ioir-set. These generalized irredundant sets are also studied by Finbow in [5] and 
Cockayne and Finbow in [4]. 

If a collection of edges between two sets of vertices, say A and B, define a bijection between 
A and B, then we call such a perfect matching a bijective matching. 

A proper k-coloring of a graph G is a partition 7 = {Vi, V2,--- , Ve} of V into k non-empty 
independent sets. The chromatic number y(G) equals the minimum integer k for which G 
has a k-coloring. More generally given a property P concerning subsets of V, a P-coloring 
is a partition m = {Vi, V2,---,V~} of V into sets, such that each V; has the property P. If 
the property P is independence, the P-coloring is the usual coloring and if the property P is 
domination, the corresponding P-coloring gives the concept of domatic partition. Haynes et al. 
[8] introduced the concept of irredundant colorings and open irredundant colorings of graphs. 
Arumugam et al. [1] initiate a study of open irredundant colorings and obtain some results 
on irredundant colorings and open irredundant colorings. Motivated by the work on [1,8], we 
initiate a study of independent open irredundant colorings. An independent open irredundant 
coloring of a graph G is a partition of V into nonempty independent open irredundant sets. 
The independent open irratic number is the minimum order of an independent open irredundant 
coloring of G, and it is denoted by yioir(G). In section 2, we obtain some results on independent 
open irredundant colorings. A study of harmonious, achromatic coloring on middle graph, 
central graph, total graph, line graph of various classes of graphs can be found in [10, 11, 12, 
13]. In Section 3, we investigate the independent open irratic number for the middle graph, 
central graph, total graph, line graph of double star graph families. 


We need the following theorems. 


Theorem 1.1((6]) Jf a graph G has no isolated vertices, then G has a minimum dominating 


set which is also open irredundant. 
Theorem 1.2([8]) For any graph G, n/IR(G) < vir(G) <n—IR(G) +1. 


Observation 1.3([1]) Since any otr-coloring of G is an ir-coloring of G, it follows that yi,(G) < 
Xoir(G). 


Theorem 1.4((8]) For any graph G, Xoir(G) = 2 if and only if V(G) can be partitioned into 
two subsets Vi and V2 such that there exists a bijective matching between Vi and V2. 


Throughout, we assume that G is a graph without isolated vertices. 
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§2. Independent Open Irredundant Colorings 

Observation 2.1 Since any ioir-coloring of G is an oir-coloring and y-coloring of G, it follows 
that Xir(G) < Xoir (G) < Xioir (G) and Xir(G) < x(G) < Xioir(G). 

Observation 2.1 Since V(G) is not an ioir-set of G, it follows that 2 < xXioir(G) <n. 


Theorem 2.3 For any graph G, Xioir(G) = 2 if and only if V(G) can be partitioned into two 
independent subsets V,; and V2 such that there exists a bijective matching between V, and V3. 














Proof The proof follows from Theorem 1.4. 


Theorem 2.4 Let G be a graph of order n. Then Xioir(G) = n if and only if for any independent 
set S CV, there exists v,w € S such that N(v) C N(w) or N(w) C N(v). 


Proof Assume that Xioir(G) = n. Suppose there is an independent set S C V such that 
N(v) £ N(w) and N(w) ¢ N(v) Vo, w € S. Then there exists a vertex z; € N(v) such that 2 
is not adjacent to w and there exists a vertex z2 € N(w) such that z is not adjacent to v. Hence 
{v, w} is an ioir-set and IJOIR(G) > 2. Therefore yioir(G) <n — 1 which is a contradiction. 


The converse is obvious. 














Observation 2.5 For any complete graph K,, and complete bipartite graph Km, we have 
Xioir(Kn) =n and Xioir (Km,n) =m+n. 


Observation 2.6 For any tree T, Xioir(T) = n if and only if T is a star. 
Theorem 2.7 For the path P, = (v1,v2,-++ ,Un), we have Xioir(Pn) = 3. 


Proof Let Yy oo {U1, V4, 07, V10, tas is V2 = {ve, U5, U8, V11,°°° \ V3 = {v3, U6, U9, U12,°°° ie 
Clearly {Vi, V2, V3} is a partition of V(G) into independent open irredundant sets. Hence 
Xioir(Pn) <3. By Theorem 2.3, Vioir(Pr) > 3 and so Xioir(Pr) = 3. 














Theorem 2.8 For the cycle Cr = (v1, v2,:++ ,Un), we have 


4 ifn=4orn=7 
Xioir(Ch) = P 
3 otherwise 


Proof We can easily observe that Yioir(C4) = 4. We now prove that yYioir(Cn) = 3 for 
n#A4 or 7. By Theorem 2.3, yioir(Cn) > 3. Now we consider three cases. 
Case 1. n= 0(mod3). 


Let Vi = {v1, U4, 07, V10,°°° ,Un—2}, V2 A {vo, U5, U8, V11,°°" ,Un—1} and V3 = {v3, V6, V9, V12; 
+, Un}. Clearly {Vi, V2, V3} is a partition of V(G) into independent open irredundant sets 
since any three consecutive vertices in the cycle receives distinct colors. Hence xXioir(Cn) < 3. 


Case 2. n= 1(mod3). 


Let Vi = {V1, V3, U6, U8, VIL, U14, UIT; ° “+, Ul-3, Ul, VI435,°°° ,Un—2}, V2 = {v2, V4, U7, V9, Vi2, 
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U15,U18,°°* 5 VI-3, U1, VIF3,°°° Va=i fs V3 = {U5, V10, U13, V16, V19,°** 5 VI-3, Ul, VI43,° °° , Un}. We 
now prove that {V,,V2,V3} is a partition of V(G) into independent open irredundant sets. 
Clearly the sets V;, 7 = 1,2,3 are independent. Hence it is enough to prove that every vertex 
in the set V; has an external private neighbour with respect to V;, 7 = 1,2,3. Note that v1, us, 
ug are the external private neighbors of v2, v4, v7 respectively and vp, v4, V7 and vio are the 
external private neighbors of v1, v3, vg and vg respectively. All other remaining vertices uv; have 


external private neighbor v;_1. 
Case 3. n = 2(mod3). 


Let Vi = {v1, v4, U7, V10,°** ,Un—1}, Vo = {v2, U5, Ug, U11,°°* , Un} and V3 = {v3, v6, V9, V12, 

- ,Un—2}. Since v2, Un—1, Un—2 are the external private neighbors of v1, Un, Un—1 respectively 
and remaining vertices v; have external private neighbor v;+41, {Vi, V2, V3} is a partition of V(G) 
into independent open irredundant sets. Hence yioir(Cn) < 3. Now we prove that \ioi,(C7) = 4. 
Since any independent open irredundant set of C7 has at most two vertices, minimum four colors 
are required to color the vertices of C7. Let Vi = {v1,u3}, Vo = {v2,v6}, V3 = {u3, us} and 
V4 = {v7}. Clearly {Vi, Vo, V3, Va} is an toir-coloring of C7. Hence yioir(C7) = 4. 














Proposition 2.9 For any graph G, n/IOIR(G) < xXioir(G) < n—IOIR(G)+1, where IOIR(G) 


is the upper independent open irredundance number of G. 


Proof Let Yioir(G) = k. Let {Vi, V2,---,Ve} be an toir-coloring of G. Since |Vi| < 
IOIR(G), it follows that n = Ml < k.JOIR(G). Hence n/IOIR(G) < Yioir(G). 
Now, let S be an independent open irredundant set of G with |S| = IOIR(G). Then {S} 
{{uv}:v € V — S} is an toir-coloring of G. Hence yioir(G) < n — IOI R(G) +1. 


C 














Theorem 2.10 Let G be a connected graph with 6 = 1 and let r denote the maximum number 


of leaves adjacent to a support vertex v of G. Then xXioir(G) > r+ 2. 


Proof Let v1, v2,--+- , vr be the leaves adjacent to v. Since any independent open irredun- 











dant set in G contains at most one of the leaves v;, the result follows. 





Observation 2.11 Let T 4 Kj,,, be any tree and let r denote the maximum number of leaves 
adjacent to a support vertex v of T. Then yxioir(T) > r+ 2. 


§3. IOIR-Coloring on Double Star Graph Families 


In this section we investigate the independent open irratic number for the central graph, middle 
graph, total graph, line graph of star graph K1,, and double star graph Ky ,7.n. 

The central graph C(G) of a graph G is formed by adding an extra vertex on each edge of G, 
and then joining each pair of vertices of the original graph which were previously non-adjacent. 

Let G be a graph with vertex set V(G) and edge set E(G). The middle graph of G, denoted 
by M(G) is defined as follows. The vertex set of M(G) is V(G)UE(G). Two vertices x, y in the 
vertex set M(G) are adjacent in M(G) in case one of the following holds: (i)x,y are in E(G) 
and x,y are adjacent in G. (ii)x is in V(G), y is in E(G), and z,y are incident in G. 


100 T.Muthulakshmi and M.Subramanian 


The total graph of G has vertex set V(G) U E(G), and edges joining all elements of this 
vertex set which are adjacent or incident in G. 

The line graph of G denoted by L(G) is the graph with vertices are the edges of G with 
two vertices of L(G) adjacent whenever the corresponding edges of G are adjacent. 

A star is a complete bipartite graph Ky,,, with m > 2, and the unique vertex v of this star 
of degree m is called the center. 

Double star Kyn,n is a tree obtained from the star Ky,,, by adding a new pendant edge 
of the existing n pendant vertices. It has 2n + 1 vertices and 2n edges. Let V(Kinn) = 
{vu} U {u1, vo,+++ Un} U {ur, U2,+++ Un} and E( Ky nm) = {e1,€2,°+* , en} U {81, 52,°++ , Sn}. 


Proposition 3.1 For any star graph Ki, we have 


(i) Xioir(M(Kin)) =n + 2; 

(it) Xioir(C(Kin)) =n +1; 

(ttt) Xioir(T(Ki,n)) =n + 2; 

(iv) Xioir(L(Ki,n)) =n. 

Proof (i) By the definition of middle graph, each edge vv; in Ky,, is subdivided by the 
vertex e; in M(Kj,,,) and the vertices v, €1, €2,-++ , €n induce a clique of order n+1 in M(K,,»). 
ieV(M(Ki1,) = {v}U{y%:1 <i < n}Uf{e;:1<%i<n}. Hence n+1 distinct colors are required 
to color the vertices v,e1, €2,:-: ,@n. Note that e; is the only external private neighbour of v; 





with respect to any set S C V. Therefore we assign the color which is different from the 
already assigned colors to v;. Hence Yioir(M(Kin)) > 2 +2. Assign ioir-coloring as follows: 
For 1 <7i< n, assign the color c; for e; and assign the color cn+, to v. For 1 <i <n, assign 
the color cy+2 to all the vertices v1, v2,-++ ,Un. Hence xioir(M(Kijn)) < n+ 2. 

(it) By the definition of central graph, each edge vv; in Ky,» is subdivided by the vertex e; 
in C(K,,,) and the vertices v1, v2,+++ , Un induce a clique of order n in C(Ky1,,). i.e V(C(Kin) = 
{u}Uf{u:1<i<n}ufe;:1<i<n}. Since v; (1 <7 <n) induce a clique of order n, we have 
Xioir(C(Kin)) > n. We now prove that xioir(C(Kin)) > n+ 1. Suppose xXioir(C(Kin)) =n. 
Let V; be the set of vertices which are colored with c;, 1 = 1 to n. Let we assign the color c¢; 
to vu; (1 <i <n) and assign the color c; to v. Therefore the vertices e1, e2,-+- ,€n are colored 
by c2,¢3,°+* ,€n—1,C€n in some arrangement. Hence at least two of the vertices e; and e; are 
colored with the same color cm. Clearly any vertex adjacent to vertices e; and e; is also joined 
to vertex of color c,. It follows that there is no external private neighbour for the vertices e; 
and e; with respect to V;,. This is a contradiction. Hence Yioir(C(K1n)) > n+1. Assign 
ioir-coloring as follows: For 1 < i < n, assign the color c; for v; and assign the color cy,+1 for 
each e;. Finally we assign the color c, to v. Hence xioir(C(Ki.n)) < n+ 1. 

(iti) By the definition of total graph, we have V(T'(Ai)) = {v}U{u:1<i<n} 

U {e;: 1 <i <n}, in which the vertices v, e1, e2,--- ,@n induce a clique of order n + 1. Clearly 
Xioir(T(Kin)) > n+ 1. Let we assign the color c; to e; (1 < i < n) and assign the color cy+41 
to v. Since e; and v are the external private neighbors of v; with respect to V; and Vz41, we 
need one more color to v;. Hence Yioir(T (Kijn)) = n+ 2. Assign ioir-coloring as follows: For 
1<7z<n, assign the color c; for e; and assign the color c,+41 to v. Finally we assign the color 
Cn+2 to each v;. Hence YXioir(T(Kin)) < n+ 2. 
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(iv) Since L(Ki nn) = Kn, Xioir(L(Kijn)) =n. 


Proposition 3.2 For any double star graph Kin, we have 


n+1 Vn>3 
Xioir(M (Ki n,n)) = 
4 m= 2 


Proof Clearly we observe that Vioir (4 (K1,2,2)) = 4. By the definition of middle graph, each 
edge vu; and uju; (1 <i <n) in Kin.» are subdivided by the vertices e; and s; in M(Ki.n,n) 
and the vertices v,e1,€2,°-: ,€n induce a clique of order n+ 1 (say Kn41) in M(Kinn). ie 
V(M(Kinn)) = {fu} U{y rl <i<nbuUf{u:l<i<nbu fe: 1 <i<nbu{s,:1<i<n}. 
Clearly Yioir(M(Kijnn)) => +1. Assign ioir-coloring as follows: For 1 < i <n, assign the 
color c; for e; and assign the color cn41 to v. For 1 <7 <n, assign two distinct colors c; 
and c,, other than c,+1 and c; to the vertices v; and s;. Finally, assign the color cy+1 to each 
uj(1 <i <n). Let V; be the set of vertices which are colored with c;, i = 1 ton+1. Note that 
v is the external private neighbor of all the vertices e; with respect to V;, 1 < i <n and e;’s 
are the external private neighbors of v with respect to V,41. For 1 <i <n, s; is the external 
private neighbor of u; and v; with respect to V,41 and V;. Finally, v; is the external private 
neighbor of s; with respect to Vi. Hence Yioir(M(Kijynn)) < n+ 1. 














Proposition 3.3 For any double star graph Kinn, we have Xioir(C(Kinn)) =n + 2. 


Proof By the definition of central graph, each edge vu; and vju; (1 <i <n) in Kinny are 
subdivided by the vertices e; and s; in C(K1,n.n). The vertices v, ui, u2,:++ ,Un induce a clique 
of order n+1 (say Ky+41) and the vertices vj(1 < i <n) induce a clique of order n in C(Ky,n,n)- 
ie V(C(Kinn)) = {us U{u:1<is<npu{uj:1<i<n}ufe:l<i<n}Uf{s,:1<i<n}. 
Clearly Yioir(C(Kijnn)) > 2+1. We now prove that xioir(C(Kinn)) > n+ 2. Suppose 
Xioir(C(Kinn)) =n+1. Since v,u; (1 < i < n) induce a clique of order n+ 1, let us assign the 
color Cn41 to v and assign the color ¢; to uj(1 <i <n). Since e; has degree 2 and v is adjacent 
to the vertex of color c; Vi, v; is the only external private neighbour of e;. But vu; is adjacent to 
the vertex of color c;, Vj #74. Therefore e; must be colored only with c; and v; must be colored 
only with cn41. Since vu; (1 < i <n) induce a clique of order n, v, it leads to a contradiction. 
Hence Yioir(C(Kinn)) => m+ 2. Consider the colors cy, ¢2,-++ ,Cn+2. Assign ioir-coloring as 
follows: Assign the colour cn; to v and assign the color c¢; to uj, where 1 <i <n. Assign 
the color cy41 to all the vertices s1,52,---,5, and assign the color cy+2 to all the vertices 
€1,€2,°°* ,€n. Finally, we assign the color c; to v; for 1 <i<n. Let V; be the set of vertices 
which are colored with c;,i = 1 ton+2. For 1 <i<n, e; is the external private neighbor of 
v with respect to Vy+41 and v; is the external private neighbor of e; with respect to V,42. For 
1<i<n, e; is the external private neighbor of v; with respect to V; and v; is the external 
private neighbor of s; with respect to V,41. Finally, v is the external private neighbor of all 
the vertices u; with respect to V;. Hence xioir(C(Kinn)) < a+ 2. 














Proposition 3.4 For any double star graph Kinn, we have Xioir(T(Kinn)) =n lL. 


Proof By the definition of total graph, we have V(T(Kijnn)) = {v}U {url <i<n}u 
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{uj:l<i<n}Uf{e,:1<i<n}U{s;:1< i <n} in which the vertices v, €1, e2,--- ,en induce 
a clique of order n+ 1. Clearly yioir(T(Kinn)) => +1. Consider the colors cy, ¢2,+++ ,Cn41- 
Assign ioir-coloring as follows: Assign the color cy41 to v and assign the colour c; to e;, where 
1<i<n. For1<i< 1, assign two distinct colors other than c,+1 and c; to the vertices v; 











and s;. Finally, assign the color cn41 to each uj(1 <7 <n). Hence yYioir(T(Kinn)) < ntl. 





Proposition 3.5 For any double star graph Ki nm, we have Xioir(L(Kinn)) =n+ 1. 


Proof By the definition of line graph, each edge of Kin,, taken to be as vertex in 
(L(Ki.n.n)). The vertices e1, €2,-++ ,€n induce a clique of order n and the vertices $1, $2,+-+ , 5n 
are all pendant in (L(Kujnn)). ie V(L(Kinn)) = fer: 1<ic<n}U{s;:1<i<n}. From 
Theorem 2.10, we have Yioir(L(Kijnn)) > 2+1. Assign ioir-coloring as follows: Assign the 
color Cn+1 to all the vertices s;, where 1 <7 <n and assign the color c; to e;, where 1 <i <n. 
Hence Xioir(L(Kijnn)) < n+ 1. 
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Abstract: Representing a set of vertices in a graph means of a matrix was introduced by E. 
Sampath Kumar. Let G(V, £) be a graph and S C V bea set of vertices. We can represent 
the set S by means of a matrix as follows, in the adjacency matrix A(G) of G replace the 
ai; element by 1 if and only if, v; € S. In this paper we study the special case of set S being 


dominating set and corresponding domination energy of some class of graphs. 


Key Words: Adjacency matrix, Smarandachely k-dominating set, domination number, 


eigenvalues, energy of graph. 


AMS(2010): 15A45, 05C50, 05C69. 


§1. Introduction 


A set D C V of G is said to be a Smarandachely k-dominating set if each vertex of G is 
dominated by at least k vertices of S and the Smarandachely k-domination number 7¥,(G) of 
G is the minimum cardinality of a Smarandachely k-dominating set of G. Particularly, if k =1, 
such a set is called a dominating set of G and the Smarandachely 1-domination number of G is 
called the domination number of G and denoted by y(G) in general. 

The concept of graph energy arose in theoretical chemistry where certain numerical quan- 
tities like the heat of formation of a hydrocarbon are related to total 7 electron energy that 
can be calculated as the energy of corresponding molecular graph. The molecular graph is a 
representation of the molecular structure of a hydrocarbon whose vertices are the position of 
carbon atoms and two vertices are adjacent if there is a bond connecting them. 

Eigen values and eigenvectors provide insight into the geometry of the associated linear 
transformation. The energy of a graph is the sum of the absolute values of the Eigen values of 
its adjacency matrix. From the pioneering work of Coulson [1] there exists a continuous interest 
towards the general mathematical properties of the total 7 electron energy ¢€ as calculated within 
the framework of the Huckel Molecular Orbital (HMO) model. These efforts enabled one to 
get an insight into the dependence of ¢ on molecular structure. The properties of ¢(G) are 
discussed in detail in [2,3,4,5]. 

The importance of Eigen values is not only used in theoretical chemistry but also in ana- 


lyzing structures. Car designers analyze Eigen values in order to damp out the noise to reduce 
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the vibration of the car due to music. Eigen values can be used to test for cracks or deformities 
in a solid. Oil companies frequently use Eigen value analysis to explore land for oil. Eigen 
values are also used to discover new and better designs for the future [6]. 


Representation of a set of vertices in a graph by means of a matrix was first introduced 
by E. Sampath Kumar [7]. Let G(V, E)be a graph and S C V be a set of vertices. We can 
represent the set S by means of a matrix as follows: 

In the adjacency matrix A(G) of G replace the a;; element by 1 if and only if vu; € S. 
The matrix thus obtained from the adjacency matrix can be taken as the matrix of the set S 
denoted by Ag(G). The energy E(G) obtained from the matrix Ag(G) is called the set energy 
denoted by F's(G). In this paper we consider the set S as dominating set and the corresponding 
matrix as domination matrix denoted by A,(G) of G. Thus the energy E(G) obtained from 
the domination matrix A,(G) is defined as domination energy denoted by E,(G). 

Let the vertices of G be labeled as v1, v2,v3,--+,Un. The domination matrix of G is 
defined to be the square matrix A,(G) corresponding to the dominating set of G. The Eigen 
values of the domination matrix denoted by 1, K2,K3,°-:,Kn are said to be the A, Eigen 
values of G. Since the A, matrix is symmetric, its Eigen values are real and can be ordered 


Ky > kg > K3 S++: > Ky. Therefore, the domination energy 
E, = E,(G) = 7 |ril- (1) 
i=1 
This equation has been chosen so as to be fully analogous to the definition of graph energy [2]. 
E=E(G)= So); (2) 
i=1 


where \; > Ag > A3 S++: , > An are the Eigen values of the adjacency matrix A(G). Recall that 
in the last few years, the graph energy E(G) and domination energy [20,21] or covering energy [8] 
has been extensively studied in mathematics [8-13] and mathematic-chemical literature [14-24]. 
Definition 1.1(Minimal domination energy) A dominating set D in G is a minimal dominating 
set if no proper subset of D is a dominating set. The domination energy E(G) obtained for a 


minimal dominating set is called the minimal domination energy denoted by Ey—min(G). 


Definition 1.2(Maximal domination energy) A dominating set D inG is a maximal dominating 
set if D contains all the vertices of G. The domination energy E,(G) obtained for a maximal 


dominating set is called the maximal domination energy denoted by Ey—max(G). 


Similarly to domination energy of graph G, distance domination energy can also be defined 


as follows: 

Let the vertices of G' be labeled as v1, v2, 03,-++ , Un. The distance matrix of G is denoted by 
D(G) is defined to be the square matrix D(G) = [d;;], where d;; is the shortest distance between 
the vertex vu; and v; in G. The Eigen values of the distance matrix denoted by p11, fa, 13,°°* 5 bn 


are said to be the D Eigen values of G. Since the D(G) matrix is symmetric, its Eigen values 
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are real and can be ordered jay > 2 > U3 S++: S Un. Therefore, the distance energy 
n 
Ep = Ep(G) =) |nl (3) 
i=1 


This equation has been chosen so as to be fully analogous to the definition of graph energy [2]. 

In the distance matrix D(G) of G replace the a;; element by 1 if and only if v; € S. The 
matrix thus obtained from the distance matrix can be considered as the distance matrix of the 
set S denoted by Ds(G). The energy E(G) obtained from the matrix Ds(G) is called the 
distance set energy denoted by Dg(G). In this paper we consider the set S as dominating set 
and the corresponding matrix is distance domination matrix denoted by D,(G) of G. Thus 
the energy E(G) obtained from the distance domination matrix D,(G) is defined as distance 
domination energy denoted by Ep,(G). 

The distance domination matrix of G is defined to be the square matrix D.,,(G) correspond- 
ing to the dominating set of G. The Eigen values of the distance domination matrix denoted 
by 01, 02,03,°*+ ,On are said to be the D, Eigen values of G. Since the D,(G) matrix is sym- 
metric, its D-Eigen values are real and can be ordered 0, > a2 > 03 >+:+: > On. Therefore, 


the distance domination energy 


n 


Ep, = Bp,(@) = > [oi (4) 


i=1 
This equation has been chosen so as to be fully analogous to the definition of graph energy [2]. 


n 


E=E(G)=)~|vl, (5) 


i=1 


where Ay > Ap > A3 >..-, > An are the Eigen values of the adjacency matrix A(G). 


Definition 1.3(Minimal distance domination energy) A dominating set D in G is a minimal 
dominating set if no proper subset of D is a dominating set. The distance domination energy 
Ep,(G) obtained for a minimal dominating set is called the minimal domination energy denoted 
by By minl CG): 


Definition 1.4(Maximal distance domination energy) A dominating set D in G is a maximal 
dominating set if D contains all the vertices of G. The distance domination energy Ep+(G) 
obtained for a maximal dominating set is called the maximal domination energy denoted by 
Epy—max(G). 


§2. Different Energies of Graph with 7(G) =1 


In this section, we characterize graphs with respect to the unique domination set and hence 
find their different domination energies. 
Remark 2.1 For the complete graph K,, the matrices A(G) = D(G) and A,(G) = D,(G). 
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Hence, the energy of complete graph Ky, is given by 2(n—1), i.e., E(K,) = Ep(Kn) = 2(n—1). 
Theorem 2.1 Let G= K,,. Then, 


Ey—-min(Kn) = Epy—-min(hn) = Vn? — 2n+54 (n—-2),n 23. 


Proof Calculation enables one to find the characteristic polynomial of K,, for n > 3 
directly. Label the vertices of Ky, as v1, v2,V3,°+* ,Un Such that v1 is the dominating set. The 
domination matrix and the distance domination matrix are same. Hence, in the domination 


matrix or distance domination matrix aj, = 1 and a;; = 0,1 £ 1. 


The characteristic polynomial of domination matrix and the distance domination matrix is 
given by K"+q14"—1+q2k"—-?+-+-+n-1k+qn = 0 and o"+q10"—!+q20" 7 +: +-Qn-10 +n = 
0 respectively. 


The domination matrix and the characteristic polynomial of K3 are given by 


111 
A(O= DAC Ha 0 9 
1 1 0 





and K° — Kh? — 3K —1=(«41)(K?-2«e-1). 


The domination matrix and the characteristic polynomial of K4 are given by 


Fe FEF Oo fF 
EF CO fF 
oF Fe 


and «4 — «3 — 6K? — 5K 1=(«+1)" (x? — 36-1). 





The domination matrix and the characteristic polynomial of Ks; are given by 


11111 
10111 
A,G)=D,(G)=]1 1011 
11101 
Lod et) ot. 0 


and «® — «4 — 10K? — 14K2 — 7h —1 =(K+1)° (k? — 4 — 1). 





Therefore, the characteristic polynomial of K,, using domination matrix is 


(«4+1)”” (K* — (n-1)K—1) =0. 
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Solving the equation we get 


(«+1)""? =0 or (Kk? —(n—1)k—1) =0. 
1,-1,--- ,—1(m — 2) times 





K=-l1 


K? —(n-—1)k-1=0 


9 


Therefore, 





n-1l+tJ/(n—1)?-4(1)(-1) n-1ltvVn?2-2n+5 


= -— aso > 








where n > 3. Hence the roots are 


n—-14+vVn?—2n+5 (ee 
BE a 


Ki, = 


and 


Ey-min(Kn) = > || 
t=1 


n—-14+vVn?-—2n+5+ Vn? -—2n+5-(n-1) 
= = +n-—2, 


Ey—min( Kn) = Epy—min(Kn) =Vn?—-2n+54+ (n _ 2). 











Hence, we get the proof. 





Remark 2.2 All four types of energies of a complete graph can be compared as follows: 


BE) = Pek) 2G SS Bee) 


Epy—min( Kn) = Vn? — 2n+5+(n— 2). 


Remark 2.3 Energy of a star graph Ky,,-1 is given by 2\/n — 1. 


I 


Theorem 2.2([21]) Let G= Ki n-1, n > 3. Then, 


Ey—min (Ka n-1) = vV4n — 3. 


Remark 2.4 E (Ki n—1) = 2Vn —1 < Ey—min (Ki n—1) =v 4n — 3. 
Theorem 2.3 Let G= Ky n-1, n 23. Then, 


Ep (Ki,n-1)_ 2n —4+ Vn? — 8n +3. 


Proof Calculation enables one to find the characteristic polynomial of Ky,,-1 for n > 3 


directly. Label the vertices of Ky -1 as v1,V2,U3,:** Un. The characteristic polynomial of 
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distance matrix D(G) is given by 
B+ gp? + gap? + + ni + In = 0. 


The distance matrix and the characteristic polynomial of Ky ,2 are given by 


D(G) = 


er Oo 
Ny CO Ff 
Go NY Fe 


and p> — 64 — 4 = (w+ 2) (wu? — 2-2). 
The distance matrix and the characteristic polynomial of Ky,3 are given by 


ee RF © 
Oo we Oo KF 
No Oo NM KF 
oO NM NY FR 


and p* — 15p? — 284 — 12 = (w+ 2)? (u? — 4u— 3). 
The distance matrix and the characteristic polynomial of Ky,4 are given by 


O° ie ake 
fo 28 
D(G)=}1 2 0 2 2 
tS) = a2 
i. 2 Bo 





and p® — 28u3 — 88p? — 964 — 32 = (u + 2)° (u? — 6 — 4). 
The distance matrix and the characteristic polynomial of Ky,5 are given by 


0 1i1d1édi1éid4i 

102 2 2 2 

1202 2 2 
D(G) = 

122 0 2 2 

122 2 0 2 

122 2 0 2 





and p° — 454 — 2003 — 360p? — 288 — 80 = (4 + 2)* (u? — 84 — 5). 
Therefore the characteristic polynomial of Ky,,-1 using distance matrix is 





(u + 2)"~* (uw? — (Qn - 4)p—(n-1)). 


Different Domination Energies in Graphs 109 


Solving the equation we get 


(u+2)"-? =0 or pw? —(2n—4)u—(n—1) =0, 





jo=—2,-2, —2,-+- , —2(n— 2)(times) or wp? — (Qn — 4)p—(n— 1) =0. 








Therefore, 








— (Qn—4)+ Jf (2n— 4)? —4(-(n—1)) — (Q2n—4) 4 V/4(n? — 3n 4+ 3) 
a as 


where n > 3. Hence the roots are 


n—4)+ Vn? —3n+3 n?2 — 3n+3-(n-—4 
fe ONES oe 2d). 


Ep (Kin-1) = So [ul 
i=1 


2/n2 —3n+3 
7 n ste + a(n —2) 


= A@wn-—44+ Vn? —-—3n4+3. 











Hence, we get the proof. 





Theorem 2.4 Let G= Ki n-1, n > 3. Then, 


Ep-~ (Ky n—1)_ 4n — 7. 


Proof Calculation enables one to find the characteristic polynomial of Ky,,-1 for n > 3 
directly. Label the vertices of Ky ,-1 as U1, V2, U3,°** 5 Un- 


The characteristic polynomial of distance domination matrix D,(G) is given by 
a + qo"! + qa"? +++ + dn-10 + Gn = 0. 


The distance domination matrix and the characteristic polynomial of Ky. are given by 


D,(G) = 


eR 
oOo Oo 
Go NY KF 


and 0° — 0? — 60 = (0 +2) (0? — 30 +0). 


The distance domination matrix and the characteristic polynomial of K1,3 are given by 
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D,(G) = 


ee Se 
So NO Oo FS 


mo NN NY Re 


1 
2 
0 
2 





and 4 — 0? — 1507 — 160 +4 = (o +2)" (0? —50 +1). 


The distance domination matrix and the characteristic polynomial of Ky,4 are given by 


2 

— 

Q 

ee 

II 
ee Be Be eB 
oOo wo NY Oo Fe 
eo wo Oo WY Fe 
So OG wo Ww fF 
NO NO SO et 





and o° — o4 — 280° — 640? — 326 + 16 = (9 + 2)° (0? — 70 +2). 


The distance domination matrix and the characteristic polynomial of Ky5 are given by 


S 

pee 

8 

ll 

EF Fe eF SF BS 
bo bo bo bo (an) e 
NO OE Oo NO 
[NORE Ooo OE OE 
ST oN YY eB 
[NOR OE NORE NO NO 





and 06 — o° — 4504 — 1600 — 2000? — 480 + 48 = (0 + 2)* (0? -90 +3). 


Therefore the characteristic polynomial of Ky,,-1 using distance domination matrix is 
(0 +2)? (0? — (Qn -—3)o + (n- 3)) =0. 


Solving the equation we get 





(o +2)"* =0 or 0? — (2n—3)o + (n—3) =0. 





Whence, o = —2,—2,—2,--- ,—2 ((n — 2) times) or 0” — (2n — 3)o + (n— 3) =0. Therefore, 











 - On 3) + VOn=3P—MH=3) _ (Qn—3)+ VP Ton $21 


2 2 
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where n > 3, i.e., the roots are 








(2n — 3) + V4n? — 16n + 21 
1. = ~~  — , 
2 
(2n — 3) 4n? — 16n + 21 
02 = TF Tm 
2 
and 
Ep, (Ky n—1) = bs la;| 
i=1 


= (2n—3)+2(n—2) =4n—7. 











Hence, we get the proof. 





§3. Domination Energies for the Graph with 7(G) = 2 


During the study of chemical graphs and its Weiner number, the Yugoslavian chemist Ivan 
Gutman introduced the concept of Thorn graphs. This idea was further extended to the broader 
concept of generalized thorny graphs by Danail Bonchev and Douglas J Klein of USA. This 
class of graphs gain importance in Spectral theory as it represents the structural formula of 
aliphatic and aromatic hydrocarbons9[. 


Theorem 3.1 Let G= P24, n = 2t. Then, 


E(Po4) = 2V4t— 3. 


Proof Calculation enables one to find the characteristic polynomial of G = P24 for n = 2t 
directly. For ¢ = 1, Py is a path with 2 vertices, = 2, P22 is a path with 4 vertices. 


The adjacency matrix and the characteristic polynomial of P23 are given by 


0 01 0 0 0 

0 01 0 0 0 

1 101 0 0 
A(G) = 

00101 1 

0 00 1 0 0 

0 00 1 0 0 


and AS — 5\4 + 4? = A2(A2 — A— 2)(A2 4A — 2). 
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The adjacency matrix and the characteristic polynomial of P24 are given by 


The adjacency matrix and the characteristic polynomial of P25 are given by 





ee ee rr) 
en Oe ee Oe ee ee 
Co oOoOUlUCOOllUlUCOUlUCUCUCUNHCLCOCOCO 
oOo 208 Oo Oo et A os 
Te ort St OS Oo SO 
co oOoOClOolmUlUMKlUlCUCOOUCUCOCOCO 
co oOoOomUmUmUrNWCDUCUCOCOUCOCOCUCUCOUOCUCO 
co oOoOUCOOlUlUCUMTKLUCUCOUCUCOCOCO 
II 
—m 
S 
rae 
=x 


La BOE tA e) 





(2 


and A® — 7\8 + 94 


0 
The adjacency matrix and the characteristic polynomial of P26 are given by 


1 0 0 0 0 


0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 





1 0 0 0 0 0 
1 0 0 0 0 0 
1 0 0 0 0 0 


0 0 0 0 


1 
0 
1 
1 
1 
1 


0 
1 


0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 O 
0 0 0 0 0 


0 0 0 0 


0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 


NHC LAS A: 





8 (2 


and A19 — 98 + 16\° 





co ocmUmUmcmUmlUmlCOUOUCOCUCOOUTKClCOOCOCOTOCOCOT COCO 
ooovmcm cc clclUCcCUOUlUWCUCUCOUCCOCOCUCOCOCDOCO 
ooococmcmcmUmUCcUOUCcUKUWCLCUCUCOUCOCOCUCOCOCUCDOCOF 
co ocmUmUmcOUlUCUCOUOUCOCUCUCOCCUTKClCOOCOTOCOCOT COCO 
co ocmUmUmcOlUmUCOUOUCOCUCOOClCUTKClCOOCOTCOT COCO 
[a a ee 
wt eS ore SS oe Os ort OO Or Oo Oo OS 
co oOUmUmcOlUlUCOUOUCOUClCUCUFC OCT CC OTOCOTCOCO 
ee ee ee | 
ooomUmcmWmUCcUmUCcUrTWCLCUCUCOCCUOULUCOCOUCUCOUOCUCOCOF 
ee ee ee ee ee ee) 
oo o0UlUcOmUlUCUCUOUlUCCcUrUUCUCUCUCOOUCOUOCUCOUOCCOCOCO 
II 
— 
SS 
=< 
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and 1? — 1110 + 25A8 = AB(A2 — X— 5)(A27 + A— 5). 
Therefore the characteristic polynomial of P24 using adjacency matrix is 





PFO = NSE AO ae): 





Solving the equation we get 


M4 = 0, 2 —A- (t- 1) =0 or 7 +A-(t-1) =0, 


\=0,0,0,--- ,0((2¢— 4) times), 42 — ¥— (f-1) =0. 


Therefore, 





y= SVE a1 VE-3, 





where t > 3. Hence the roots are 
Ay = 14+ V4t—3 and Ao =—(V4t—3-1) 


and 





a 1+ /4t—3+4+ /46—3-1 
E= 0) = ———, = v#-3. 
i=l 


Similarly, solving the equation A? + \ — (t — 1) = 0 we get that 


B= VA4t — 3. 


Whence, 
E (P24) = 2vV/4t — 3. 














Hence, we get the proof. 
Theorem 3.2([21]) Let G= P21, n = 2t. Then, 


Ey—min (P21) = 2v t—-1+ Q/t. 


Theorem 3.3 Let G= P24, n = 2t. Then, 


Ep (P2t)_ V 25t? — 28t + 20 + (5t — 6). 


Proof Calculation enables one to find the characteristic polynomial of P2, for n = 2t 
directly. For t= 1, P21 is a path with 2 vertices, t = 2, P22 is a path with 4 vertices. 
The characteristic polynomial of P2 using distance matrix D(G) is given by 


B+ gp? + gou?? +++ + Gri + Gn = 0. 
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The distance matrix and the characteristic polynomial of P23 are given by 


ww veo fF WY OO 
ww veo fF Oo Ww 
wb wm FF OF eB 
FF Oo FF NY Ww 
wo FF MW & w 
GD NF NY Ww 


and 


p® — 65y4 — 2969 — 504y? — 352 — 80 = (4 + 2) (2 — 9p — 10) (uw? + 5+ 2). 





The distance matrix and the characteristic polynomial of P24 are given by 


wow wonr YY WY CO 
wowwnwonr WY CO WNW 
ww wonr oO WY WD 
how OF OF BE Be 
FF FPF CO FF NY WY WD 
Oo Oo OF NY Www 
Oo ONY FP NY Www 
Go MN NF YW WwW wo 


and 


p® — 136° — 1040 — 34684 — 61123 — 5792p? — 26884 — 448 
= (w+ 2)* (uw? — 14 — 14) (u? + 6 +2). 


The distance matrix and the characteristic polynomial of P25 are given by 


wownwownnr vd NY DY OO 
www w nr vn d's CO WwW 
wwwown fF NY OO bY WY 
wwwownnrer OO WY DY WW 
how we NY FOF Be HE 
FF Fe FP CO FF WY LY WY WD 
Oo ewe OF YP wWwWwwo wo 
Oo we ON FP NY Www wo 
wo OC NY NYO FP YY Ww wo wo 
oN NM NF ND WwW wewwo wo 
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and 


yo? — 233° — 2512u7 — 12624° — 36800n° — 66400u4 — 744963 
—49664p.? — 17408. — 2304 = (us + 2)° (u? — 19 — 18) (u? + Tu + 2). 


Therefore, the characteristic polynomial of P24 using distance matrix is 





(u + 2)°* (u? — (5t — 6) — (4t — 2)) (w+ (C+ 2)u+2), 








(u + 2)°°* =0, p? — (5t— 6) — (4¢— 2), or w? + (t+ 2) + 2(u +2)" * =0. 





ies 


Solving the equation (4 + 2 we get ps = —2,—2,—2,--- , -2((2t — 4) times. Similarly, 


Solving the equation p? — (5t — 6)u — (4t — 2) we get 





(5t — 6) + /(5t — 6)? + 4(4t — 2) 
ee —— |. 





, and the equation +(¢+ 2)u+ 2 we get 





a2) (t+ 2)? -8 


Therefore, 


Ep (Pot) => |mil| = 25? — 28t + 20 + (¢ + 2) + (4t — 8) 
i=1 
V/ 25t? — 28¢ + 20 + (5t — 6). 








l| 











Hence, we get the proof. 





Theorem 3.4 Let G= Po4, n = 2t. Then, 


ee 25 — 54t+ 45+ VP + 6t—3+ (4-8) t=3,4 
Dy (Pat) = 
(5t — 5) + V2 + Gt —3 + (4t — 8) t>5 





and fort =5, 


(5t — 5) + 250 + 54t + 45 
—— = § 


Epy (Pot) = i? + 6t—3+ (4t — 8). 


Proof Calculation enables one to find the characteristic polynomial of P2, for n = 2t 
directly. For t= 1, P21 is a path with 2 vertices, t = 2, P22 is a path with 4 vertices. 


The characteristic polynomial of P24 using distance domination matrix D,(G) is given by 
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ot + qo") + qo" 7 +--+ +an-19 + dn = 0. 


The distance domination matrix and the characteristic polynomial of P23 are given by 


ww n FF NY OO 
wowwn FF Oo WY 
Oo NO FP FP FF Be 
PrP FP FP bY dw 
Nu OF NY ww 
SD NF SW WwW 








and o — 20° — 6404 — 18803 — 1240? + 640 + 16 = (o + 2)? (0? — 100 — 2) (0? + 40 — 2). 


The distance domination matrix and the characteristic polynomial of P24 are given by 


www nF WY WY CO 
wwwnr dd) Oo WD 
wwwonr OO WY WD 
NN NY RP ee Be Be 
Bee Se FP FP YY Ww 
no we CO KF NYO WwW WO WwW 
wo CO NYO FPF YW WwW Ww 
DN NF DY Ww wo 


and 


o® — 207 — 1350 — 8000° — 187704 — 17040? + 880? + 7360 + 48 
= (o +2)" (a? — 150 — 1) (0? +50 — 3). 








The distance domination matrix and the characteristic polynomial of P25 are given by 


wownwown KF WY WY DY OO 
wwnwownn re v's WY CO WW 
wwnwownnrenvn ow wv 
wwwowwnyn F& oO wy WY WY 
NO NO NO NO 
See Ee Ee FP FP HO YH HY Ww 
oOo we NS OF NY WwW wow 
mo wo OC NYO FPF NY wWwHowo wo 
Oo ONY NY FP NY Ww wo wo 
DN NY NF NHN Www wo 


and 
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o!° — 24° — 23248 — 208807 — 84800% — 182080° — 1958404 
—55040* + 74240? + 51200 = (a + 2)° (0? — 200 — 0) (0? + 60 — 4). 





The distance domination matrix and the characteristic polynomial of P26 are given by 


wownwoww dr wvdnwyn wd Wd oO 
wownwoww dsr vdwe wv Oo Ww 
wownwnowwonr wo wd oO WW WwW 
wwnwnwwon FP YH Oy WY WY 
wnwnwww drown dd Ww Ww 
Oo NO NN NR RP RP Re Re RR 
ee seer a pee Oe ce oe NS NO NO ON) 
Oo wo NY NY OF NSD WwW wo wo wo wo 
Oo NO NO NF Dw wo wow wo 
oOo wo ONY NF NYDN Www wo wo 
No Ow NY NY FN Www wo wo 
CT NN NY NY NYO FP NYO WwWwowwnw wo 


and 


ol? — Ig! — 355019 — 43000° — 248850° — 838560" — 1723680% — 206400c° — 10800004 
+396800° + 803840? + 286720 — 1280 = (a + 2)° (a? — 250 + 1) (0? +70 —5). 





Therefore, the characteristic polynomial of P24 using distance domination matrix is 





(o + 2)"* (a? — (St — 5)o + (t - 5)) (9? ++ Do-(¢-1), 


(GA 9)", 6? = (5bS8)e HE 5) ore? HES Nea G— 1): 





Solving the equation (e42)"'-" = 0 we get o = —2,—2,—2,--- ,—2 ((2¢ — 4) times). 
Similarly, solving the equation o? — (5t — 5)o + (t — 5) we get 








(5¢ — 5) + /(5t — 5)? — 4(£ — 5) 
2 


and the equation o? + (t + 1)o — (t — 1) implies 





(t+1)+./+22+40-1 
a , 
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Therefore, 
Eps (Pas) I | Vv 25t? — 54¢ + 454 Vt? + 6-34 (4t-8), t=3,4 
D 2b) = Oi; = 
" = (5t — 5) + Vi + Gt — 3 + (4t — 8), t>5. 
and for t = 5, 
bt V25t2 
Ep, (Pot) = Grn Sever + /t2 + 6t 8). 











Theorem 3.5 Let G= P34, n= 2t+1. Then, 


E (P34) =2Vt—-1+2Vt+ 1. 


Proof Calculation enables one to find the characteristic polynomial of P34 for n = 2t+1 
directly. For t = 1, P31 is a path with 3 vertices, t = 2, P32 is a path with 5 vertices. 


The adjacency matrix and the characteristic polynomial of P33 are given by 


foo 10000 
0010000 
EON HOO 
A(G)=|0 010100 
0001011 
0000100 
0000100 


and X7 — 6A5 + 8\3 = A3(A? — 2)(A? — 4). 


The adjacency matrix and the characteristic polynomial of P34 are given by 


= 
9 
ll 

Sc OoOoOCOCOUlUClCOlUlUmwrH HH hLUCCOCUCCOCUCO€P 
> 
SoS SO Se OS SS SO 
SOO OF OH eB BR 
SCO OrFr OF OO oO 
FFF OF OOo °o 
So:6 6 » Co GS 6-6. 6 
Sc OoOCcrF COCO oO oO oe 
SCcOoOCrF ODO oO oO 


and 9 — 8\7 + 15° = A5(A2 — 3)(A? — 5). 
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The adjacency matrix and the characteristic polynomial of P35 are given by 


i 
9 
ll 

oo So co co co +e So So 6 
coc OCCOCUlUCOUOUmULUrHHhUCUCOCUCOCUCCOUCl 
a mo ee 
oo oS. OOo ee So. SS. SS 
SOOO OH OR He BH Be 
OC oOo oe So eo Oo oO 
FPF BF OF GOO Oo 
ScOoOoOCcocCOrHthClUlCOOUCOCOUCUCUMUCUCOCUCOO 
Sc OoOCcOlmUmrMRCOUCUCUCUCUCUCCUCSCOUCOF 
a a eo 
ScoOCoOOoOrFr OO OO CO oO 


and Al — 1049 + 24)? = A? (A? — 4)(02 — 6). 
Therefore the characteristic polynomial of P34 using adjacency matrix is 


d7*-3 (0)? — (t — 1))(? — (€ +1). 





Solving the equation we get 


E(P34) =2Vt—1+ 2vt+ 1. 














Hence, we get the proof. 


Theorem 3.6([21]0) Let G = P31, n = 2t+1. Then, 


Ey—min (P34) = V4t—34+V4t4+5. 


Theorem 3.7 Let G = P34, n = 2t+1 Then, the characteristic polynomial of P34 using 


distance matrix of G is 





(p+ 2) (u? + (2 + 2) + 4) (u3 — (6t — 6)u? — (12t — 6) — 4t) = 0. 
Proof Calculation enables one to find the characteristic polynomial of P34 for n = 2t+1 
directly. For t = 1, P31 is a path with 3 vertices, t = 2, P32 is a path with 5 vertices. 
The characteristic polynomial of distance matrix D(G) is given by 


B+ gp? + gou? +--+ dni + Gn = 0. 
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The distance matrix and the characteristic polynomial of P33 are given by 


8 

Q 

Sa) 

II 

EF FPF wo DY FF NY CO 
co EF Ww Ww ee ©& bo 
wo wh Oo fF Oo e e 
own FF OF bY WY 
Fe FPF CO KF YS WO WwW 
No OF NY WwW Kk BK 
GD NF NY Ww Ke 


and 


pw’ — 134y° — 804y* — 19043 — 2112p? — 1056u — 192 
= (+2)? (u? + 84+ 4) (pu? — 12? — 30 — 12). 








The distance matrix and the characteristic polynomial of P34 are given by 


S 
Q 
II 

ere FP FPF wo hY FP YO WY CO 
ere FP FF wo hY FPF YO CO WNW 
Ee Er wo bd e- © Do bw 
wowwwon §&§ oF - 
bo bo bo ee ©}. ee bo bo bo 
FPF FPF OO FPF YD WwW WH Ww 
Oo wo OF YY wo Kk BB B&B 
No CO NM FP YY Ww Ke Be B&B 
Oo WN bo FPF wo Ww cs eR 


and 


py? — 258" — 2412u° — 9864p° — 219844 — 2812813 — 20160, 
7296. — 1024 = (+ 2)* (uw? + 10 + 4) (u3 — 18? — 42 — 16). 
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The distance matrix and the characteristic polynomial of P35 are given by 


is) 
2 
lI 
a PP BP PB ww FP YY YY OO 
a BP BP PB ww FP YY OW 
aR PR PB PB ww FP NY OY Wd 
a PP PB ww FP ON WY WY 
wwwow oF OF Be FE 
NNN NF OH YH YY WD 
BE rP FP FPF OF D&W www 
Nw nwN NY OF YY WH A BA BB A 
ww OND KF WY WH A DB BAB A 
NON NFP WY WH PB BB A 
ON UMN NH WY WwW A BA BA 


and 


pit — 42219 — 5380u® — 31584. — 108160pu° — 2339201° — 3267844 — 2905603 
—155648p? — 44544, — 5120 = (u + 2)° (wu? + 12u + 4) (u? — 24? — 54y — 20). 





Therefore, the characteristic polynomial of P3; using distance matrix is 














(p+ 2) * (u? + (2+ 2) +4) (un? — (6 — 6)? — (124 — 6) — 4t) = 0. 





Theorem 3.8 Let G = P34, n = 2t+1 Then, the characteristic polynomial of P24 using 


distance domination matrix of G, is given by 
(o + 2)"~* (a? + (2 + Lo — (2t — 4)) (09 — (6¢ — 5)o? — (6t + 2)o + (46 +8)) =0. 


Proof Calculation enables one to find the characteristic polynomial of P3, for n = 2t+1 
directly. For t = 1, P31 is a path with 3 vertices, t = 2, P32 is a path with 5 vertices. 
The characteristic polynomial of distance domination matrix D,(G) is given by 


a” + qo" * + goa"? +++ + dn-10 + Gn = 0. 


The distance domination matrix and the characteristic polynomial of P33 are given by 


2 

— 

XQ 

Ww 

II 
Fr FF WwW NYO KF NY CO 
FP FP wo ny fF Oo WN 
wo wow nN FP RFP RP 
oOo wo FP Oo FF WY WY 
Ee Be Re FP DH Ww Ww 


Nu OF NY WA A 
Go NO FF NWN WO Ke BS 


122 M.Kamal Kumar, Johnson Johan Jayersy and R. Winson 


and 


@ = 6° = 13860""= 586a° = 82d0° = 1760" + 2406" 32 
= (o +2)" (0? + 7a — 2) (0? — 130? — 200 + 4). 








The distance domination matrix and the characteristic polynomial of P34 are given by 


2 
— 
Q 
Na 
lI 
Fe FF FF WwW YO YF SO WY CO 
ere FPF BR WwW NY YF YS CO WD 
ca ca Ee Ww bo Fe Oo WD bo 
wo ww oO Be Be Re ee 
NN NF OF YS Ww 
Fe Be Re Re FP DH wow wo 
oN OF YY wo B® B&B KB 
Oo OC NDF YY wo Be BB KB 
oO bo Do Re Oo wo Ee oA 


and 


a? — 20° — 25707 — 19660° — 61520° — 88160* — 40480° + 246407 + 17920 — 512 
= (o + 2)* (0? + 90 — 4) (0? — 1907 — 260 + 18). 





The distance domination matrix and the characteristic polynomial of P35 are given by 


S 
pm 
cc) 
l| 
Fr FF FF FPF Wn FP D'S YS LY CO 
SF FF FF wWwnrF NY DY CO WY 
SF FF FF FF wWwnr NY OD WY WY 
rF FF FPF Wn FP OO WY WY DW 
wow ww won FP RP KF YF FF 
owe Ye NY FP OF NYY YY WH 
FF RF KF KF KF NY wWw www 
No Yo NY OF NY WO Fe Fe eB 
No YN ON FP NY WO ee Fe Se BS 
BD CG BR bo eho co oR GR om 
So NMP NM NF YY WwW BB B B ¥e®e 
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and 


ol! — 9g! — 4216° — 462608 — 227360" — 608320° — 895680° — 5907204 + 972807 
+327680? + 69120 — 4608 = (a + 2)° (a? + 110 — 6) (0° — 2507 — 320 + 12). 








Therefore the characteristic polynomial of P24 using distance domination matrix of G is 




















(o +2)" (a? + (2t + Lo — (2t — 4)) (0° — (6t — 5)o? — (6f + 2)o + (4¢ + 8)) =0. 


Theorem 3.9 Let G= Par, n = 2t+ 2. Then, the characteristic polynomial using adjacency 


matriz of G is given by 


Me OP SP EG TO PS ST): 





Proof Calculation enables one to find the characteristic polynomial of Py, for n = 2t + 2 
directly. For t= 1, Pai is a path with 4 vertices, t= 2, Ps 2 is a path with 6 vertices. 


The adjacency matrix and the characteristic polynomial of P,3 are given by 


co o0UCmWmUCOUOCUCOULCrLUCUCDCOOUUCOS 
cocoocUmUcOWmUlCOUCOCOUCUCUMrrLUCUCOUCO 
Cn 
(ae a 
co oO rF OlULrElCUCOUCUCOULUCUCOO 
FF Oo KF OF FO Oo O&O 
oO oF OU OoOUCUCUmUmUlmUCDUCUCUCOOD 
oo rrFtlCUlUCOUCUCOUUCUCOUOUCUCUCOCOUCUCOOU 





and A8 — 7\8 + 13\4 — 4d? = A2(A3 — A? — 3A +.2)(A3 + A? — 3A — 2). 


The adjacency matrix and the characteristic polynomial of P44 are given by 


co oO 7o0oO0UlcCOUCUCcClhUCOOUMC rRDmDc COCUCUUUCO 
Qo Qj] & oo oo ae. oOo Oo & 
(ce a > Sg > es a) 
(con ed 
co o0UCODUmUmUCUOCUC hr tlUC OUlUrh Fl lhUhcCOlCUCDODUCOD 
co oOo 0 Cr lOUlUmrElCUCUOCOlUCUCDOlUCOlUCOO 
KF FEF FEF Oo FF CO Oo Oo FS & 
oom OmlUlUmr RE CUCU OCCOTOUCOOOUCOUOUCUCOUDOLCUCOO 
oolmcOmlUlUmr RE CUCU OCCOOUCOUOUCUCUCUOULUCOCODCUCO 
eo. OO eS OO CO OS OS OS 
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and \10 — 98 + 22\8 — 94 = A4(A3 — 4? — 4 4. 8)(A3 + A? — 4 — 3). 





The adjacency matrix and the characteristic polynomial of P,5 are given by 


Jo 9001000000 0] 
00:0: Oa OE 0) OO OO 
000010000000 
O00 ot. a Or 020 er Oe “0 
Leak Dt) Oh AO a Oey 20 
pers) oO OI GOO. 
000001010000 
00 OO OO 1.0 12 ad 
000000010000 
0 O 0: 0.0 BO -Ort 10. O00 
000000010000 
000000010000 


and 








PO Ve ABP TENS OO Sk EOP Ae = by, 


Therefore, the characteristic polynomial of P4; using adjacency matrix of G is 





Oa a AEE 1) OP Sh aay). 














Hence, we get the proof. 


Theorem 3.10([21]) Let G = Pax, n = 2t+2. Then, the characteristic polynomial using 


domination matrix of G is given by 





Rome = 62 Desa IG Hoe = 4 Se = 1) 


Theorem 3.11 Let G= Par, n = 2t+2. Then, the characteristic polynomial using distance 
matrix of G is given by 





(a hoy * (8 —(7e— 5)? — 0228 — 8) — (E44) G8 HSE + 2)? + t+ Be +4). 


Proof Calculation enables one to find the characteristic polynomial of Py, for n = 2t + 2 
directly. For t= 1, Pai is a path with 4 vertices, t = 2, Py 2 is a path with 6 vertices. 
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The distance matrix and the characteristic polynomial of Py,3 are given by 


ao oF won RF NY OC 

o FF wo NY F CO WW 
re FP WO NYO KF CO KF ee 
wwn KF OO KF NY WY 
oOo No FP OF YD Ww Ww 
FPF FPF CO fF SY WH BB 
oOo OF NY Wo Fe oO oO 
Go NF NY WO KF Oo 


ol 


and p8 — 248° — 1904y5 — 5932u4 — 92483 — 7456p? — 2944p, — 448 = (2 + 2)? (uw? — 16? — 
58 — 28)(w3 + 12u? + 144+ 4). 


The distance matrix and the characteristic polynomial of Py,4 are given by 


02212 3 4 5 5 5 
202 12 3 4 5 5 5 
22 012 3 4 5 5 5 
1 110412 3 4 4 4 
D(G) = 22 2 10 1 2 3 3 3 
3.3 3 2 1012 2 2 
444 3 2101121 
5 5 5 4 3 2 10 2 2 
5 5 5 4 3 2 12 0 2 
5 5 5 4 3 2 12 2 0 





and p19 —449 08503207 2476818 6780811109444 — 109440362720 12— 1894412304 = 
(1 + 2)* (u3 — 232 — 80 — 36)(u3 + 15p? + 16u + 4). 


The distance matrix and the characteristic polynomial of Pi, are given by 





fi? Oe he ae 5 Ge BL] 
2 0 2 8 tee 4 5 FS 
2202123 45555 
22°F O41 2 3.4 8b 65 
id ta ob 2s 4 2 eo 
po-|2 22219123333 
ae es ae ae a es a 
BBO Ge Be B.D, ae A Ae 
5 fF F 4.9-2°. 0 2 2 9 
5 5 Soe a OO 
5 § Sh 42°32 Tf 2 oo 3 
ee ee Oe ee 0 | 
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and 


wi? — 708u1° — 104649 — 708608 — 2816647 — 718016py° — 1214208,.° 
—1365888 4 — 9984003 — 448512? — 110592 — 11264 
= (wt 2)° (u? — 30? — 102u — 44) (u? + 18? + 184 + 4). 





Therefore the characteristic polynomial of P,; using distance matrix of G is 


(uw +2) * (u3 — (Tt — 5)? — (22t — 8) — (8¢ +4) 
x (u? + (3t + 2)u? + (2t+ 8)u+ 4). 














Hence, we get the proof. 





Theorem 3.12 Let G= Par, n = 2t+2. Then, the characteristic polynomial using distance 


domination matrix of G is given by 





(o + 2)*** (63 — (7 — 4)o? — (5t)o + (10t — 20)) 
x(a? + (3t + 2)o? + (8 —t)o + 4). 





Proof Calculation enables one to find the characteristic polynomial of Py, for n = 2t + 2 
directly. For t= 1, Py is a path with 4 vertices, = 2, Ps is a path with 6 vertices. 


The distance domination matrix and the characteristic polynomial of P43 are given by 


oo F wn FF NY CO 
oo F wn F& OO WW 
ge BP WwW NO RP Re Re 
wow ve FF OD fF WN WW 
So NO KF OO KF YN WO WwW 
Re Be RS SP DH WO fB BB 
wo OF NY WO ee Oo oO 
Co NF NY we Oo oO 


and 


o® — 2a" — 24708 — 150405 — 327704 — 247207 + 21607 + 4800 — 80 
= (0 + 2) (0? — 170? — 450 + 10)(o? + 110? + 50 — 2). 





The distance domination matrix and the characteristic polynomial of P44 are given by 
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o oT» FF won FPF NYS WY CO 
oo on on F Wo nN FPF YY CO WN 
oon om FF Wo NY FP ODO WY WY 
ge BP BP WW NO RP RP Re RP eR 
ww wonr OO KF NY WY Ww 
Oo NO NY FPF OF YP Ww wo 
Le cer oe oe OO a 
oOo wo OF NY WwW Fe OL Oo oO 
No CO NF NY WO -& Oo oO 
DN NY FP NY WO fF Oo 


and 


a9 — 96° — 4480° — 426407 — 169360° — 333760° — 299680*% — 332807 + 1049607 
+25600 — 1280 = (o + 2)* (03 — 240? — 600 + 20) (0? + 140? + 40 — 4). 


The distance domination matrix and the characteristic polynomial of P45 are given by 


ao oon on F wn re YS NY LY CO 
o oO oO on FF WwW NY FPF YS NY CO WY 
o om oO om FP wn FP bY OD WY WW 
ao w1w»#&w et won FPF OO WY WY WW 
ge eB BR CO DO Be Re RB RB Re Be 
wwwwnre OF DY NY WKY WD 
Oo we we NFP OF YN Www wo 
BRB Be Be Re SP BO wo KB BP BP B&B 
oOo wo Nb OF NY WC Ke OL ot Oot oO 
oN oO NF NY WO Fe OL Or ot Ot 
no ON NO FPF NY WO Fe OF or ot oO 
Go NM NY NF NY WO Ke Oo oF Oo Oo 


and 


ol — 91! — 707019 — 92120° — 535970° — 1734560" — 3268640° — 3328640° — 10774404 
+1052160° + 906240? — 11520 = (o + 2)° (a? — 310? — 750 + 30)(o7 + 170? + 30 — 6). 


Therefore the characteristic polynomial of Py; using distance domination matrix of G is 


(o + 2)"*4 (63 — (7t — 4)o? — (5t)o + (10t — 20))(o8 + (3t + 2)o? + (8 — t)o +4). 




















Hence, we get the proof. 
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§4. Generalized Characteristic Polynomial Can Not Be Obtained 


It is not easy to find the generalized characteristic polynomial with respect to domination 
energies for all class of graphs, as the problem of finding the characteristic polynomial for an 
arbitrary matrix is still open. Here we illustrate that for paths, cycles and wheel graphs finding 
the generalized characteristic polynomial is not possible. Hence for this kind of graphs the 
absolute energies cannot be found. Therefore only the upper and lower bound can be obtained. 


Theorem 4.1 Let G=P,,n > 3. Then the exact E(P,,) cannot be calculated as characteristic 


polynomial cannot be generalized. 


Proof Calculation does not enable one to find the characteristic polynomial of P,, for n > 3 
directly. Label the vertices of P, as v1, v2,U3,°°* ,Un- 


The characteristic polynomial of adjacency matrix A(G) is given by 
N+ A" + Gor? 4H + Gn-1A + Gn = 0. 


The adjacency matrix and the characteristic polynomial of P3 are given by 


A(G) = 


oF O&O 
Fe oO 
Oo fF O&O 


and A3 — 2 = \(\? — 1). 


The adjacency matrix and the characteristic polynomial of P, are given by 


oF CO & 
ee ee ee 
ote OS 


Co oO FF Oo 





and 4 — 342 +1 = (A? —A—1)(2+A-1). 


The adjacency matrix and the characteristic polynomial of P; are given by 


Gi. 1. W010 
(2 10 SE TO 
A(G)=|0 1 0 1 0 
OF oh  20te1 
OF 0% Ohi 


and \® — 43 + 3\ = \(A—1) (A+ 1)(A? — 3). 
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The adjacency matrix and the characteristic polynomial of Ps are given by 


01 0 0 0 0 

101 0 0 0 

0 1 0 1 0 0 
A(@) = 

00101 0 

0001 01 

000 0 1 0 


and 





oS BH OS 1S OF =)? = Oh 1084 A? = BN 1). 











Hence, we get the proof. 





Theorem 4.2 Let G = P,,n > 3. Then the exact E,(P,,) cannot be calculated as characteristic 


polynomial cannot be generalized. 
Proof Calculation does not enable one to find the characteristic polynomial of P,, for n > 3 
directly. Label the vertices of P, as v1, v2,U3,°°* ,Un- 


The characteristic polynomial of domination matrix A,(G) is given by 6" + qax"~! + 
ge? +++ dn-1k + Gn = 0. 


The domination matrix and the characteristic polynomial of P3 are given by 


A,(G) = 


oO fF O&O 
Be Be 
oO fF O&O 


and K° — K2 — 2k = K(K 4+ 1)(K— 2). 


The domination matrix and the characteristic polynomial of Py are given by 


0 1 0 0 0 1 0 0 1 1 0 0 
1 1 1 0 1 11 0 1 0 1 0 
A,(G) = , A(G) = or A,(G) = 
a7 a7 a7 
0 10 1 0111 010 1 
001 1 0 0 1 0 001 1 


whose polynomial are respectively 


KA — In? — 2K? 4+ 3641, 
Ko — 2k? — 2k* 4+ 20 +1 = («—1)(e + 1)(K? — 2e— 1), 
KY — 2k? — 27 + 46 = K(K — 2)(«? — 2). 
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The domination matrix and the characteristic polynomial of P; are given by 








1 10 0 0 010 0 0 
1010 0 1 110 0 
A,(GZ)=|0 1 0 1 O| or A(G)=|0 10 1 0 
001 1 41 0011 41 
000 1 0 0001 0 
whose polynomial are respectively 
Ko 0K? 86 + BK Oe 1 eR OE SR = 8) 
K — 264 — 369 +467 4+36 = K(K2?— 6 —3)(K? —&— 1). 





The domination matrix and the characteristic polynomial of Ps are given by 


fo 1 000 oO 
111000 
01010 0 
A,(G) = 
OO ay cor oh 
OG 0) te ea 
000010 


and 








Ke — 2k? — de * + 6a? + 5k? — Qe — 1 = (nh? — 3K — 1)(K? — Qe? — ee +1). 











Hence, we get the proof. 





Theorem 4.3 Let G = P,,,n > 3. Then the exact Ep(P,,) cannot be calculated as characteristic 
polynomial cannot be generalized. 


Proof Calculation does not enable one to find the characteristic polynomial of P,, for n > 3 
directly. Label the vertices of P,, as v1, v2,U3,°°* ,Un- 


The characteristic polynomial of P,, using distance matrix D(G) is given by uw" +qp" 1+ 
qo? +++ + dnb + Gn = 0. 


The distance matrix and the characteristic polynomial of P; are given by 
[° 1 2] 


D(G)=)1 0 4 
2 1 0 





and pu? — 64 — 4 = (w+ 2) (uw? — 2u— 2). 
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The distance matrix and the characteristic polynomial of Py are given by 


won HF Oo 
yo = oOo 
Fe Oo FE WN 
oF YW 





and pt — 20p? — 324 — 12 = (uw? — 4 — 6) (u? + 4+ 2). 


The distance matrix and the characteristic polynomial of Ps are given by 


O° i oo a 
i$ Sh 5S 
DG=12 bo 
3°. Or a 
As DA. 








and p> — 503 — 140u? — 1204 — 32 = (uw? + 6 + 4) (u? — Gu? — 18 — 8). 


The distance matrix and the characteristic polynomial of Pg are given by 


O. 2 2a a5 
aa a eae 
2. De, 8 

D(G) = 
BD) H) Otad, <2 
£98. 21 Od 
ee Ses ey a ae 











and p® — 1054 — 4483 — 648? — 384p — 80 = (w+ 1) (uw? + 8u + 4) (u3 — 9p? — 36 — 20) . 
Hence, we get the proof. 














Theorem 4.4 Let G=P,,n > 3. Then the exact Ep,(P,) cannot be calculated as character- 


istic polynomial cannot be generalized. 


Proof Calculation does not enable one to find the characteristic polynomial of P,, for n > 3 
directly. Label the vertices of P, as v1, v2,U3,°** ,Un- 


The characteristic polynomial of P,, using distance domination matrix D.(G) is given by 


a” + qo" * + goa"? +--+ + dn-10 + Gn = 0. 
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The distance domination matrix and the characteristic polynomial of P3 are given by 


0 
D,(G) = }1 
2 


Ee Se 
oO FP Ww 


and 03 — 0? — 60 =a (0+2)(o0—3). 


The distance domination matrix and the characteristic polynomial of P, are given by 





Oh 8 Ok 2-2 1, dee 
1) eds: tk ae 1? Or ah. 
D,(G) = , D(G)= or D,(G) = 
ee a oe 2 Ad. A 25 Ot 
a 2-42 go Bevis ae et 
and 
a4 —20%— 190? -120 = (0?—50-3) (0? +30-1), 





o* — 20% — 190? -40 +3 = o(0 +3) (0? -50—4), 











o* — 20° — 190? - 200-5 = (0? —50—5) (0? +3041). 
The distance domination matrix and the characteristic polynomial of Ps are given by 
0 12 3 4 112 3 4 
1 11 2 3 101 2 3 
D(G)= |2 1.01.2) of DAG)= (21 0° 1 2 
3.2 11 41 3.2 111 
4 3 2 1 0 4 3 2 1 0 


and 


o° — 20% — 490° — 700? = 0? (¢ +5) (0? — 7a — 14), 
a — 20% — 4907 — 850? — 300. 





The distance domination matrix and the characteristic polynomial of Pg are given by 


0 12 3 4 5 

1112 3 4 

21012 8 
D,(G) = 

3 2101 2 

43 2111 

5 4 3 2 1 0 
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and 





o° — 20° — 1040* — 3000 — 1800? = a? (a? — 100 — 30) (0? + 80 + 6). 











Hence, we get the proof. 





Theorem 4.5 Let G =C,,n > 3. Then the exact E(C,,) cannot be calculated as characteristic 


polynomial cannot be generalized. 


Proof Calculation does not enable one to find the characteristic polynomial of C;, for n > 3 
directly. Label the vertices of C, as v1,v2,U3,°°* ,Un- 


The characteristic polynomial of adjacency matrix A(G) is given by 
N+ iA) + Gad"? 4+ ++ + Gn-1A + Gn = 0. 


The adjacency matrix and the characteristic polynomial of C3 are given by 


0 
A(G) = }1 
1 


Fe oO 
Co FP 





and \3? — 3\—2 = (A— 2)(A4+ 1)”. 


The adjacency matrix and the characteristic polynomial of Cy are given by 


0101 
1 01 0 
ae 0101 
1 01 0 


and \4 — 4? = \?(\ — 2)(A +2). 


The adjacency matrix and the characteristic polynomial of Cs are given by 


1G; he Oe 4 
1 10 SE. 70 
A(G)=|0 1 0 1 0 
OF ot Le 20te1 
fe A0e OA L0 


and \° — 548 + 5A—2= (A—2) (2 +.A—1)?. 
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The adjacency matrix and the characteristic polynomial of Cg are given by 


0 1000 1 

1 01 0 0 0 

0 10 1 0 0 
A(G) = 

001 0 1 0 

000 10 1 

1 0 0 0 1 O 


and \° — 6A + 9A? — 4 = (\— 2) (A—1)2(A +. 1)2(A + 2). 





The adjacency matrix and the characteristic polynomial of C7 are given by 


3 A. 06s Wen) 1 
1010000 
01041000 

AG)=|0 010100 
0.0.02 £05 4 
0000101 
00001 0 











and \7 — 7\° + 1443 — 7A — 2 = (A— 2)(A3 + A? — 2 — 1)?. Hence, we get the proof. 











Theorem 4.6 LetG =C,,n > 3. Then the exact E,(C,,) cannot be calculated as characteristic 


polynomial cannot be generalized. 


Proof Calculation does not enable one to find the characteristic polynomial of C’, for n > 3 
directly. Label the vertices of Ci, as v1,v2,U3,°°* ,Un- 


The characteristic polynomial of domination matrix A,(G) is given by 
Kb giK) + gon? + +++ + Gn-1Kk + On = 0. 


The domination matrix and the characteristic polynomial of C’3 are given by 


Or 
A(G)=]1 11 
1 1 0 





and K° — Kk? — 3h —1 = (Kk +1)(K? — 2K —- 1). 
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The domination matrix and the characteristic polynomial of C4 are given by 


or A,(G) = 


Fe CO FF 
oF CO & 
Fe Fe FF OC 
oF Oo 
EH OF Oo 
oF RF 
Fe RF fF OC 
oF Oo 


and 





Ko = 2k? — 867 +.4K = h(n —1)(n? —e— 4) or «4 — 2x? — 37 + 4K — 1. 


The domination matrix and the characteristic polynomial of Cs are given by 


a 

re 

—~ 

Q 

SS 

II 
Fe Oo OF 
oO OF Oo eR 
oF OO FE O&O 
PF FF Oo oO 
oF Oo So K 








and «> — 2n* — 43 + 6K? + 46 — 4 = (Kn? — 2)(K3 — Qn? — 2K + 2). 


The domination matrix and the characteristic polynomial of Cg are given by 


110001 

1 01 0 0 0 

01010 0 
A, (G) = 

00111 0 

000101 

1 00 0 1 0 


and K° — 24° — 5«4 + 8x9 + 7K? — 6K — 3 = (K— 1) (K +1) (K? — 3) (Kk? — 2K — 1). 








The domination matrix and the characteristic polynomial of C7 are given by 


1 1000 0 1 

1 01 00 0 0 

O11 10 0 0 
A,(G)=]0 01010 0 
00011 1 0 
00001 0 1 

000 0 1 0 








and «” — 3K® — 4° + 1464 +543 — 17K? — 3441 = (Kk? — 3K —1)(K4—3K3 —&? + 6K —1). Hence, 
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we get the proof. 





Theorem 4.7 Let G=C),,, n > 3. Then the exact Ep(C,,) cannot be calculated as character- 


istic polynomial cannot be generalized. 


Proof Calculation does not enable one to find the characteristic polynomial of C;, for n > 3 
directly. Label the vertices of C), as v1,v2,U3,°°* ,Un- 


The characteristic polynomial of P,, using distance matrix D(G) is given by 
w+ qi + gop * +++ dni + Gn = 0. 


The distance matrix and the characteristic polynomial of C’3 are given by 


0 
D(G)=}1 
1 


Ee Oo 
So FF 


and yw? — 3u—2= (w—2)(u +1). 


The distance matrix and the characteristic polynomial of C4 are given by 


O.tg a 

i. p..2 
D(G) = 

2 LY) ert 

1-20 0 


and pt — 124? — 164 = pw (w— 4) (uw +2). 


The distance matrix and the characteristic polynomial of C5 are given by 


Sar oa 
1. 0 1 Be 8 
DG ty iG- 4, “8 
PON 04 
Se aes a 


and p® — 2543 — 602 — 354 — 6 = (u— 6) (v2 +341)”. 
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The distance matrix and the characteristic polynomial of Cg are given by 


0 12 3 2 «41 

1012 3 2 

2101 2 8 
D(G) = 

3 2101 2 

23 2101 

13 2 2 1 0 








and p® — 564 — 203u3 — 190u? — 720 = pe (e + 4) (u— 9) (u3 + 5p? + 5+ 2). 


The distance matrix and the characteristic polynomial of C7 are given by 


Oe BoB i 
dq 20. oh: eS 
O° 50. te BS. S 
DGS. Oe aly ioe 
Be Be ee Ai 
28s 2G OG, a 
ie 23 Bs Ce a 00 





and pu’ — 98> — 490u4 — 7073 — 434p? — 119 — 12 = (uw — 12) (u3 + Gu? + 5+ 1)? . Hence, 
we get the proof. 














Theorem 4.8 Let G=C),, n > 3. Then the exact Ep,(C;,) cannot be calculated as charac- 


teristic polynomial cannot be generalized. 


Proof Calculation does not enable one to find the characteristic polynomial of C;, for n > 3 
directly. Label the vertices of C, as v1,v2,U3,°+* ,Un- 


The characteristic polynomial of P,, using distance domination matrix D,(G) is given by 
a t+ qo" + qo +--+ + dn-19 + Gn = 0. 


The distance domination matrix and the characteristic polynomial of C3 are given by 


D,(G) = 


a ee 
eR 
Co FP 


and 0? — 0? — 30 —1=(0+4+1)(07 — 20-1). 
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The distance domination matrix and the characteristic polynomial of Cz are given by 


FP woe 
NF OF 
Ee Fe Se bw 
Cor YH 








and o4 — 20% — 1lo? — 40 +4 = (0 +1) (0 +2) (0? —50 +2). 


The distance domination matrix and the characteristic polynomial of Cs are given by 


2 

—~ 

Q 

~~" 

II 
a. NS ND ge 
Oo NF CO Fe 
eo KF Oo FS WD 
EP FP Fe WS bw 
oD FPF WD NY KF 





and 0° — 204 — 2403 — 300? + 40 = 0 (o + 2) (0? — 40? — 160 + 2). 


The distance domination matrix and the characteristic polynomial of Cg are given by 


(2) 32a] 

LO fo 3° 

Pd OP Boe 
D,(G) = 

a ae ie es ae) 

B29. 29" he 4G. 4 

132210 


and 


o® — 20° — 5504 — 1290? — 120? + 380 + 24 
= (o +4) (0? — 100 + 6) (0° + 407 + 30 +1). 








The distance matrix and the characteristic polynomial of C7 are given by 


Lobe 2 3: <3 Qed 
101 2 3 3 2 
2 11 Lf 2.393 
DAG) S13 2. 0-1 253 
3.3 2 1 1 «1 2 
2) 3 32 2 TL Oe ol 
12 3 3 2 1 ~*0 
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and 


a” — 30° — 950° — 2810* — 100° + 600? + 80 
=o (uw? +50 + 2) (ut — 8u? — 57? + 204 + 4). 

















Hence, we get the proof. 





Theorem 4.9 Let G= W,,, n > 3. Then the exact E(W,,) cannot be calculated as characteristic 


polynomial cannot be generalized. 


Proof Calculation does not enable one to find the characteristic polynomial of W,, for 
n > 3 directly. Label the vertices of W, as v1, v2, U3,°-* 5 Un- 


The characteristic polynomial of adjacency matrix A(G) is given by 


XY + Gar + Gor? +++++qn-1A + dn = 0. 


The adjacency matrix and the characteristic polynomial of W4 are given by 


Oo 1 1 éii1 

1 0 1 1 
A(G) = 

1 1 0 41 

1 1 1 #0 


and At — 6\? — 8\—3 = (A—3)(A +1). 


The adjacency matrix and the characteristic polynomial of Ws are given by 


ee fF Oo 
FOF OF 
ae ee 
FOF CO Ff 

FP OF 


h 


and ® — 8\3 — 8\? = 42 (A +2) (A? — 2A— 4). 


Oo 
| 


The adjacency matrix and the characteristic polynomial of Wg are given by 


lo Lo tly <d. w 2b 
1 0 1 0 0 1 
A(G) = 1 1 0 1 0 0 
Te 10) “alts *Ola, “ASO 
1 0 0 1 0 1 
|1 1 0 0 1 0 








and \® — 10\4 — 1043 + 104? + 8A — 5 = (A? — 2— 5) (A2+A-1)’. 
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The adjacency matrix and the characteristic polynomial of W7 are given by 





012111121 
1010001 
1101000 

A(G@)=]1 0 10100 
1001010 
1000101 

l1 10001 0 


and 


N= 12d? — 1204 4+ 2103 + 2407 — 10 — 12 = (X= 1)?(A + 170 +2)07 — 24-6). 

















Hence, we get the proof. 


Theorem 4.10 Let G=W,,, n > 3. Then the exact E,(W,,) cannot be calculated as charac- 


teristic polynomial cannot be generalized. 


Proof Calculation does not enable one to find the characteristic polynomial of W,, for 
n > 3 directly. Label the vertices of W, as v1, v2, U3,°°+ 5 Un- 


The characteristic polynomial of domination matrix A,(G) is given by 
K+ gin?) + gon”? + +++ + dn-1Kk + On = 0. 


The domination matrix and the characteristic polynomial of W, are given by 


a 

XY 

~~ 

Q 

SS 

ll 
Ee EF Se eS 
Ee FO Ff 


Fe OF 
Oo FP Re 





and «* — «3 — 6K? — 5K —1= (K+ 1)?(K? — 3K — 1). 


The domination matrix and the characteristic polynomial of W; are given by 


a 

=) 

— 

Q 

YS 

II 
ee et cee ce ood 
a a ee een 
Oo S/O oe oe 
Fe OF GO 
oF Oo KF KF 


and K° — K4 — 8x3 — 4K? = K?(K + 2)(K? — 3K — 2). 
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The domination matrix and the characteristic polynomial of We are given by 


1 11i1éii1éi4di1 

101001 

1 10 1 0 0 
A, (G) = 

1 01 01 0 

100101 

1 10 01 0 


and K® — K° — 10K4 — 5K? + 10K? + 3K — 3 = (K? — 3K — 3)(K? +4 —1)?. 








The domination matrix and the characteristic polynomial of W7 are given by 


= 

ps 

a 

II 

Re 
e- Oo FO O&O e- © e 
Oo 3.2) (Or eH oS i 
SS (cn) ee © e (an) i 
oO Ee oO KF Oo OO e 
Ee OF fF OF Oo FO & 
(ax) Fe Oo Oo O&O e BR 








and «’ — 66 — 126° — 6x4 + 21K3 + 15K? — 10K — 8 = (K — 1)?(K+1)3(& + 2)(K +4). Hence, we 
get the proof. 














Theorem 4.11 Let G=W,, n > 3. Then the exact Ep(W,,) cannot be calculated as charac- 
teristic polynomial cannot be generalized. 


Proof Calculation does not enable one to find the characteristic polynomial of W,, for 
n > 3 directly. Label the vertices of W,, as v1, v2, U3,°-°+ 5 Un- 


The characteristic polynomial of W,, using distance matrix D(G) is given by 
w+ qe * + gop”? +++ + dnb + Gn = 0. 


The distance matrix and the characteristic polynomial of W4 are given by 


EF FP FEF © 
Fe RF Oo 
Fe Oo FP 
©. et ce oe 
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The distance matrix and the characteristic polynomial of Ws are given by 


0: kas A 
Di, oO ih ea 
D(G)=}1 101 2 
ian ee La ee 
1: od Por EG 


and p® — 16u3 — 32p? — 16 = (w+ 2)? (u? — 4p —4). 


The distance matrix and the characteristic polynomial of We are given by 


0 1i1d1éidi1éidi 

10312 2 1 

110312 2 
D(G) = 

12101 2 

L222 dO. al 

112 2 1 =0 





and pS — 30u4 — 903 — 902 — 364 — 5 = (u2 — 6 — 5) (uw2+3u41)*. 


The distance matrix and the characteristic polynomial of W7 are given by 


0 11%1i1di1éidti 
LP Oa We De 827 oT 
11012 2 2 
D(G)=|1 2101 2 2 
122 10 1 2 
L222 de QD 
112 2 2 1 °0 





and yi? — 48> — 20044 — 3153 — 216? — 54y = p(w +1)" (u +3)? (u? — 8u — 6). Hence, we 
get the proof. 














Theorem 4.12 Let G = W,, n > 3. Then the exact Epy(Wn) cannot be calculated as 


characteristic polynomial cannot be generalized. 


Proof Calculation does not enable one to find the characteristic polynomial of W,, for 
n > 3 directly. Label the vertices of Wy, as v1, v2, U3,°-* 5 Un- 


The characteristic polynomial of W,, using distance domination matrix D,(G) is given by 


a” + qo" * + gna"? +--+ + dn—10 + Gn = 0. 
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The distance domination matrix and the characteristic polynomial of W4 are given by 


1111 

1011 
D,(G) = 

1 101 

1 11 0 





and o* — o° — 607 — 5a 1=(¢ +1) (0? -30-1). 


The distance domination matrix and the characteristic polynomial of Ws are given by 


=) 

—~ 

Q 

~~" 

II 
ee Be Be eB 
FP oF Oo 
No FP OF eB 
Fe OF YB 
Co FP OF Be 


and o° — 04 — 160% — 200? = 0? (o — 5) (0 +2)”. 


The distance domination matrix and the characteristic polynomial of Wg are given by 


Tere” oe. Ale Sal 

10312 2 1 

110312 2 
D,(G) = 

121041 2 

122101 

VT, D822) AQ: 1-0 








and 0 — 05 — 3004 — 650% — 3002 — 6 +1 = (0? — 70 +1) (0? +30 +1)”. 


The distance matrix and the characteristic polynomial of W7 are given by 


; ; 


Re sR Ss 
FPnwmN SS NY F OO Fe 
ow OF OF 
Oo NF Oo KF we 
Oo FF CO KF Ww NHK 
EF OF YY YY He 
oo oe OE OE OE 





and 07 — 0 — 480° — 15804 — 16303 — 3302 + 180 = 0 (o +1)? (0 +3)” (u? — 9+ 2). Hence, 
we get the proof. 
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§5. Open Problems 


Problem 5.1 Finding the characteristic polynomial for an arbitrary graph. 


Problem 5.2 Find upper and lower bound for various kinds of energies with respect to different 


parameters of graph. 
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Abstract: A barbell graph B(r,n) is a graph consists of path P, joining two complete 
graphs K,. This paper deals with study of the product cordial labeling of graphs that are 
obtained by applying various graph operations on barbell graph. 
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§1. Introduction 


All the graphs considered in this paper are finite, simple, connected and undirected. Through 
out this work, |X| denotes the cardinality of the set X. By order and size of a graph we means 
the cardinality of vertex set and the cardinality of edge set respectively. For various graph 
theoretic notations and terminology we follow [1]. 

A graph labeling is an assignment of integers to the vertices or edges or both subject to 
certain condition(s). If the domain of the mapping is the set of vertices(or edges) then the 
labeling is called vertex labeling(or edge labeling). A mapping f : V(G) — {0,1} is called 
binary vertex labeling of a graph G = (V(G), E(G)). Also the number of vertices(or edges) 
having label i under the map f are denoted by ve(i)(or ef(i)) and the set of all vertices 
adjacent to v are denoted by N(v). 

A product cordial labeling of a graph G = (V(G), E(G)) is a function f from V(G) to 
{0,1} such that if each edge uv is assigned the label f(u)f(v), the number vy(0) of vertices 
labeled with 0 and the number vy(1) of vertices labeled with 1 differ by at most 1, and the 
number e (0) of edges labeled with 0 and the number e;(1) of edges labeled with 1 differ by at 
most 1. A graph with a product cordial labeling is called a product cordial graph. Opposed to 
the product cordial labeling, a Smarandachely product cordial labeling on G is such a labeling 
f : V(G) — {0,1} with induced labeling f(u)f(v) on edge uv € E(G) that |v¢(0) — v¢(1)| > 2 
or |e(0) — es(1)| > 2. 

The product cordial labeling was introduced by Sundaram et. al. [3], [4]. They proved 
that many graphs are product cordial: trees; unicyclic graphs of odd order; triangular snakes; 
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dragons; helms; path and cycle related graphs. They also proved that a graph having p vertices 


(=D(*) 41. For further results on product cordial 


and q edges is product cordial, then g < “2+ i 
labeling we refer to the dynamic survey of graph labeling by Gallian [2]. 

A barbell graph consists of a path graph of order n connecting two complete graphs of order 
r > 3 each and it is denoted by B(r,n). S K Vaidya and Chirag Barasara [5] proved that if G 
and G’ are the graphs such that their orders or sizes differ at most by 1, then the new graph 
obtained by joining G and G’ by a path P, of k € N length is product cordial. This result 
along with the definition of barbell graph shows that barbell graph is product cordial. In this 
paper we study the product cordial labeling of graphs that are obtained by performing certain 
operations on barbell graph. We first define these operations. 


Definition 1.1 The duplication of a vertex v of graph G produces a new graph G’ by adding a 
new vertex v’ such that N(v') = N(v). In other words a vertex v' is said to be duplication of v 


if all the vertices which are adjacent to v in G are also adjacent to v' in G’. 


Definition 1.2 The duplication of verter vy by a new edge e = viv; in a graph G produce a 


new graph G’ such that N(v,) = {ug, ug} and N(uZ) = {vr, vu; }- 


Definition 1.3 The duplication of an edge e = uv by a new vertex w in a graph G produce a 
new graph G' such that N(w) = {u,v}. 


Definition 1.4 The duplication of an edge e = uv of a graph G produce a new graph G’ by 
adding an edge e' = u'v' such that N(u’) = {N(u)U{v'}}\ {uo} and N(v’) = {N(v)U{u'}}\ {ua}. 


Definition 1.5 A vertex switching G, of a graph G is the graph obtained by taking a vertex 
v of G, removing all the edges incident to v and adding edges joining v to every other vertex 


which are not adjacent to v in G. 


Definition 1.6 Let G = (V(G), E(G)) be a graph with V(G) = S,US2U---US,UT where each S; 
is a set of vertices having at least two vertices and having the same degree and T = V(G)\US;. 
Then the degree splitting graph of G is a graph obtained from G by adding vertices wi, W2,°+- Wt 
and joining w; to each vertex of S;(1<i<t). 


In the present work we proved that graphs obtained from barbell graph B(r,n) by dupli- 
cating all vertices by edges and duplicating all edges by vertices in path joining complete graphs 
are product cordial for all r and n. We also show that a graph obtained by switching a vertex 
of path in barbell graph B(r; n) admits product cordial labeling for all r and n. We also derive 
partial results for the product cordial labeling of graphs that are obtained from barbell graph 
B(r,n) by duplicating vertex by vertex and edge by edge in the path joining complete graphs. 
Further we show that for certain values of r and n the degree splitting graph of barbell graph 
as well as degree splitting graph of path in barbell graph are product cordial. 


§2. Main Results 


Theorem 2.1 A barbell graph B(r,n) with duplication of edges of path joining complete graphs 


by vertices, is product cordial for all possible values of r and n. 
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Proof In a barbell graph G = B(r,n), let ui, u2,--+, Ur and uj,us,--- , uj. be vertices 
of complete graphs and v1, v2,--- ,Un be vertices of path joining complete graphs where v, 
is adjacent to u,. Let G’ be graph obtained from Barbell graph by taking duplication of 
edges of path by vertices and also vj,v5,---,v/,_; be vertices of duplication of path edges 
V1V2, UQUZ,°** ,Un—1Un respectively. Then |V(G")| = 2r+2n—1 and |E(G’)| = r(r—1)4+3n-1. 
We define f : V(G’) > {0,1} as 


flu) =ll<i<r 
f(uj) =0;l<igr 
1, Dege Sr 
f(vj) = [2 
i. elle yan 
1, 1<j7< |]; 
f(v}) = | 
0, [#]4+1<j<n-1. 


According to above definition of f, we have v¢(0)+1 = r+n = ve(1). Thus |v¢(0)—v¢(1)| < 
1. For the edges labeled with 0 and 1 consider the following cases. 


Case 1. nis odd. 
In this case we have ef(0) = rer) + 82#=1 = e,(1). So, |ef(0) — ef (1)| <1. 
Case 2. nis even 


In this case we have ef(0) = rer) + 82=2 = e-(1) +1. Hence, |e¢(0) — ef(1)| <1. 











Thus G’ has product cordial labeling. 





Example 2.1 A barbell graph B(5, 4) with duplication of edges of path joining complete graphs 
by vertices and its product cordial labeling is shown in Figure 1. 





1 1 0 0 


Figure 1 Barbell graph B(5,4) with duplication of edges of path by vertices 


Theorem 2.2 A barbell graph B(r,n) with duplication of vertices of path joining complete 
graphs by edges, is product cordial for all r and n. 


Proof In a barbell graph G = B(r,n), let ui,u2,---,u, and u4,us,--- , wi. be vertices 
of complete graphs and v1, v2,--: ,Un be vertices of path joining complete graphs where v 
is adjacent to u;. Let G’ be graph obtained from barbell graph by taking duplication of 
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vertices of path by edges and also vjus, vhv5,--- ,U4,_1U4, be edges of duplication of path 
vertices U1, V2,°+* ,Un. Then |V(G’)| = 2r + 3n and |E(G’)| = r(r — 1) + 4n+ 1. We define 
f:V(G"’) — {0,1} as 


f(w)=ll<i<r 
f(uj) =0;1<i<r 
1, LS 7S .|5|5 
f(v;) = [2 
1, 1<j<n; 
f(v) = 
0, n+1<j7<2n 
According to above definition of f, we have e;(0) = rer) +2n+1 = e,(1) +1. Thus 


|e,(O) — e¢(1)| < 1. For the vertices labeled with 0 and 1 consider the following cases. 
Case 1. nis odd 

In this case we have vy(0) = r + 24+ = vs (1) +1. So |vs(0) — ve (1)| <1. 
Case 2. nis even 


In this case we have vf(0) =r + 3 = v¢(1). Thus |v¢(0) — v¢(1)| < 1. 











And hence G’ is product cordial. 





Example 2.2 A barbell graph B(5,6) with duplication of vertices of path joining complete 
graphs by edges and its product cordial labeling is shown in Figure 2. 





Figure 2 Barbell graph B(5,6) with duplication of vertices by edges 


Theorem 2.3 A barbell graph B(r,n) with switching of a vertex of path joining complete graphs 


is product cordial for all possible values of r and n. 


Proof Let G be a barbell graph and let uy, u2,--- ,u- and u4,us,--- ,u/, be vertices of 
complete graphs and v1,v2,--- ,Un be vertices of path joining complete graphs where vj, is 
adjacent to u,. Let G’ be graph obtained from G by switching vertex v of path. Here for v we 


have two choices either v is end vertex of path or internal vertex of path. 


Case 1. v is end vertex say v1. 
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In this case we have |V(G’)| = 2r +n and |E(G’)| = r(r —1) +2n—3. Define f : V(G’) = 
{0,1} as 


Subcase 1.1 is n odd. 


In this case we have ef(1) = rer) +n—1=e(0) +1 and vs(1) =r + 2 = vf (0) +1. 


Subcase 1.2 1 is even. 


In this case we have ef(1) +1 = rey) +n—1=e,(0) and vs(1) =r + $ = v¢(0). 


Thus from both the sub cases we have |vs (0) — v¢(1)| < 1 and |ey(0) — ef (1)| < 1. 


Case 2. v is internal vertex say v2. 


In this case we have |V(G’)| = 2r +n and |E(G’)| = r(r—1) +2n—4. Define f : V(G’) 
{0,1} as 


f(u) =ll<icr, 
f(uj;) =01<i<r, 
1, j=2,n,n—1, ae > + 2; 
Ff(uj) = 131 
0, j= 1,3,4, -,|$]41 
Then we have ef(1) = ro +n—2=e,(0) and v¢(1) =r + 2 = v5 (0) + 1. Hence in this 


case we have |v¢(0) — vf(1)| < 1 and Je?(0) — ef(1)| < 1. 











Thus G’ is product cordial graph. 





Example 2.3 Consider a barbell graph B(6,6) with switching of end vertex of path joining 


complete graphs. Then it is product cordial and its labeling is as shown in Figure 3. 


/ 
U 
2 
0 
/ 
Ug 
0 
0 
U4 
0 
/ 
Us 





Figure 3 Barbell graph B(6,6) with switching of end vertex of path 
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Theorem 2.4 A barbell graph with duplication of vertices of path joining complete graphs by 
vertices is product cordial for the following choices of r and n: 


(1) r>3 andn=4; 


(2)r>5 andn>6. 


Proof In a barbell graph G = B(r,n), let ui,u2,---,u, and u4,us,--- , uw). be vertices 
of complete graphs and v1, v2,--- ,Un be vertices of path joining complete graphs where v is 
adjacent to u;. Let G’ be graph obtained from barbell graph by taking duplication of edges of 
path by vertices and also vj, v5,--- , vj, be vertices of duplication of path edges v1, v2,--+ ,Un 
respectively. Then |V(G’)| = 2r + 2n and |E(G’)| = r(r —1) + 3n +1. 


Case 1. r>3andn=4. 
We consider the following sub cases for r to define the function on V(G’). 
Subcase 1.1 r=3. 


We define f : V(G’) > {0,1} as 


Subcase 1.2 r>4. 


We define f : V(G’) > {0,1} as 


’ », 1<is4; 
f(u;) = ; 
0, 5<i<yr, 
f(vj) =0,1< 9 <4, 
f(vj) =0;1< 97 <4 


According to above definitions of f in different sub cases, we have v¢(0) = r+ 4 = v¢(1) 
and e(0) = “@=2 +7 = ef(1) +1. So, Thus |v¢(0) — v¢(1)| < 1. Jef (0) — ef(1)| <1. 


Case 2. r>5andn>6. 
We consider the following sub cases for r to define the function on V(G’). 


Subcase 2.1 n=6. 
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We define f : V(G’) > {0,1} as 


flu) =ll<i<r, 


, 1, 1<71<5; 

f(u;) = ; 
0, 6<i<cr, 

1, j= 2; 

f(v;) = 
0, 359 <n, 

f(vj) =O3<j<n 


Subcase 2.2 n= 7. 


We define f : V(G’) > {0,1} as 


; Le Te a5" 
f(uj) = 
0, 6<i<r, 
1, jg =2; 
f(v;) = 
0, 3<j <n, 
f(vj) =0;3<j<n 


Subcase 2.3 n> 8. 


We define f : V(G’) > {0,1} as 


pijes 
v= 
: 0, j= 


According to above definitions of f in different subcases, we have vy(0) = r+n = vf(1). 
Thus |vs(0) — v¢(1)| < 1. For the number of edges labeled with 0 and 1 consider the following 


cases. 
Case 1. 7 is odd. 


In this case we have e¢(0) = 72-2 + 321 — e¢(1). So, |e¢(0) — ef (1)| < 1. 
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Case 2. 7n is even. 


In this case we have ef(0) = rr) + 3241 =ey,(1) +1. Hence, |e¢(0) — ef(1)| <1. 











Thus G’ has product cordial labeling. 





Example 2.4 A barbell graph B(5,6) with duplication of vertices of path joining complete 
graphs by vertices is product cordial and its product cordial labeling is shown in Figure 4. 





Figure 4 Barbell graph B(5,6) with duplication of vertices by vertices 


Theorem 2.5 A barbell graph B(r,n) with duplication of edges of path joining complete graphs 
by edges is product cordial for 


(1) r>4 andn=4; 
(2) r >4 and n is odd with n > 5. 


Proof In a barbell graph G = B(r,n), let ui, u2,--+ Ur and uj,us,--- , uj. be vertices 
of complete graphs and v1, v2,--- ,Un be vertices of path joining complete graphs where v is 
adjacent to u;. Let G’ be graph obtained from barbell graph by taking duplication of edges 
of path by edges and also vjv5, U$v$,-++ 5 Ubn_3U4n_9 be edges of duplication of path vertices 
V1 U2, U2U3,°** ;Un—1Un Tespectively. Then |V(G)| = 2r + 3n — 2 and |E(G)| =r(r—1)+4n—-2. 


Case 1. r>4andn=4. 


We define f : V(G’) > {0,1} as 


i, 12¢<4, 

f(u;) = ; 
0, 5<icyr, 

1, j=]; 

f(v;) = 
0, 25754, 

f(vj) =0;1< 7 <6 


According to above definitions of f in different subcases, we have vs (0) = r +5 = v¢(1) 
and e7(0) = "2 + 7 = e¢(1). So, Jug (0) — vf (1)| < 1 and Jes(0) — ef(1)| <1. 


Case 2. r>4andoddn>5. 
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We define f : V(G’) > {0,1} as 


; 1, 1<i<4; 
f(u;) = . 
0, 5<icr, 
a lane pe a 
(vj) = cae 
’ gal, = sg <4, 
f(x) = 


0, n-4< 97 < 2n-2. 


According to above definitions of f in different subcases, we have v»(0) = r + 3 (454) = 
) 


vp (1) and ef(0) = “SY + 2n-— 1 =e (1). So, |vs(0) — v¢(1)| < 1 and Jes(0) — ef (1)| <1. 











Thus G’ has product cordial labeling. 





Example 2.5 A barbell graph B(5,5) with duplication of edges of path joining complete 
graphs by edges is product cordial and its product cordial labeling is shown in Figure 5. 





Figure 5 Barbell graph B(5,5) with duplication of edges by edges 


Theorem 2.6 A degree splitting graph of barbell graph B(r,n) is product cordial for r = 3 and 


n is odd. 
Proof For a barbell graph G = B(r,n), let wi, u2,-+: ,u, and u},us,---,ul. be vertices 
of complete graphs and v1, v2,--- ,Un be vertices of path joining complete graphs where v is 


adjacent to wu. 


Let G’ be degree splitting graph of G and wy, we be inserting vertices with the properties. 
N(w1) = {vu € V(G) : d(v) =r}, N(we) = {vu € V(G) : d(v) = 2}. 
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We define f : V(G’) > {0,1} as 


a is 1;1 
(ui) =0;1 


eaeae at 
[g]+1<s<n, 


=0 
1. 


on 


Then we have e¢(1) =6+n=e,(0)—1 and vs(1)—1=44+ 8-5 = v¢(0). 
Hence in this case we have |vs(0) — vy (1)| < 1 and |e¢(0) — ef(1)| < 1. Thus G’ is product 
cordial graph. 














Example 2.6 Consider the degree splitting graph of B(3,5).Then it is product cordial and its 
product cordial labeling is shown in Figure 6. 





Figure 6 Degree splitting graphs of B(3,5) 


Theorem 2.7 A graph obtained by taking degree splitting graph of path joining complete graphs 
in barbell graph B(r,n) is product cordial for 


(1) r >3 and n is even; 

(2) r=3 and n is odd with n 4 1; 

(3) r=4 and n is odd with n 4 1,3,5; 

(4) r>5 and n is odd with n 4 1,3,5, 7,13. 

Proof For a barbell graph G = B(r,n), let wi, u2,-+- ,u, and u},us,--- ,ul. be vertices 
of complete graphs and v1, v2,--- ,Un be vertices of path joining complete graphs where v is 
adjacent to u;. Let G’ be graph obtained from B(r,n) by taking degree splitting graph of path 
joining complete graphs and vw’ be the inserting vertex. Then we have |V(G)| = 2r+n+1 and 
|E(G)| =r(r-—1)+2n4+1. 
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Case 1. r > 3 and n is even. 


We define f : V(G’) > {0,1} as 


a Ot <aey: 
(ue el eee, 
iat 1<s< [8]; 
[e]+1<j<n, 
=1. 


Then we have es(1) = rr +n =e,(0)+1 and vs(1)-—1=r+ § = v¢(0). Hence in this case 
we have |v¢(0) — v¢(1)| < 1 and |e (0) — ef(1)| < 1. Thus G’ is product cordial graph in this 
case. 

Case 2. r=3 and nis odd with nF 1. 


Subcase 2.1 n=3. 


We define f : V(G’) > {0,1} as 


ie 
f(ui) = 

0, 2<i<r, 
f(uj) =0;1l <i<r; 
f(vj) =h1l<j<n, 
f(v') =1 


Subcase 2.2 n> 5. 


We define f : V(G’) — {0,1} as 


According to the above definitions of f in different sub cases, we have e¢(1) -1 =n+ 
3 = ef(0) and vs(1) = 24% = v¢(0). Hence in this case we have |vs(0) — v¢(1)| < 1 and 
le(0) — e¢()| <1. 


Case 3. r= 4 and n is odd with n £ 1,3, 5. 
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We define f : V(G’) > {0,1} as 


Then we have e¢(1) —1 =n+6 =e,(0) and vs(1) = “4 = v¢(0). Hence in this case we have 
[v7 (0) — vp(1)| < 1 and |es(0) — eg (1)| <1. 


Case 4. r>5 and n is odd with n ¥ 1,3,5,7, 13. 


Subcase 4.1 n=9. 


We define f : V(G’) — {0,1} as 


flu) =l<i<r 


1, 1<7i<5; 

! ) ’ 
f(u;) = 

0, 6<i<r 


Subcase 4.2 n=11. 


We define f : V(G’) > {0,1} as 


f(w)=ll<i<r 


, 1, 1<71<5; 
f(u;) = ; 
0, 6<i<r, 
1, = 1; 
f(vj) = 
0, 2<j<n, 
f(v!) =0. 


Subcase 4.3. n= 15. 
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We define f : V(G’) > {0,1} as 





( 1, 1<i<6; 
f(u;) = . 
0, 7T<ic<r, 
1, 7=2,4; 
f(vj) = 
0, otherwise, 
f(v!) =0. 
Subcase 4.4 n> 17. 
We define f : V(G’) — {0,1} as 
f(u) =11<i<r, 
1, 1<71<6; 
f(uj) = 
0, 7T<i<r, 
1, j=13<55<555 
F(v;) Ga ; —9 : . 
0, J = 2, = < Jj < n, 
flv!) =1. 


According to the above definitions of f in different sub cases, we have ef(1)—1= rr) + 
n = e¢(0) and v¢(1) = r + 2 = v¢(0). Hence in this case we have |v¢(0) — vy(1)| < 1 and 
le(0) — e¢()| <1. 














Example 2.7 Consider the degree splitting graphs of path joining complete graphs in barbell 
graphs B(3,5), B(4,4) and B(7,9). Then they are product cordials and their labeling are as 
shown in Figures 7, 8 and 9. 


U2 


U1 1 a Uy 
U3 Ug 


Figure 7 Degree splitting graph of path joining complete graphs in barbell graph B(3,5) 
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U4 / 
U4 


Figure 8 Degree splitting graph of path joining complete graphs in barbell graph B(4, 4) 





Figure 9 Degree splitting graph of path joining complete graphs in barbell graph B(7, 9) 
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